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PREFACE TO PART I

Tin: work, of which tlio part now issued is a first instal-

ment, has been compiled from notes made at various periods

of the last fourteen years, and chiefly during* the engagements

of teaching. !Many of the abbreviated methods and mnemonic

rules are in the form in which I originally wrote them for my

pupils.

The general object of the compilation is, as the title

indicates, to present within a moderate compass the funda-

mental theorems, formulas, and processes in the chief branches

of pure and applied mathematics.

Tlie work is intended, in the first place, to follow and

supplement the use of tl,ic ordinary text-books, and it is

arranged witli tlie view of assisting tlie student in the task of

revision of book-w^ork. To this end I have, in many cases,

merely indicated the salient points of a demonstration, or

merely referred to the theorems by which the proposition is

proved. I am convinced that it is more beneficial to tlie

student to recall demonstrations with such aids, than to read

and re-read them. Let them be read once, but recalled often.

The difference in the effect upon the mind between reading a

mathematical demonstration, and originating cue wholly or
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partly, is very great. It may be compared to tlic difference

between the pleasure experienced, and interest aroused, when

in the one case a traveller is passively conducted through the

roads of a novel and unexplored country, and in the other

case he discovers the roads for himself with the assistance of

a map.

In the second place, I venture to hope that the work,

when completed, may prove useful to advanced students as

an aide-memoire and book of reference. The boundary of

mathematical science forms, year by year, an ever widening

circle, and the advantage of having at hand some condensed

statement of results becomes more and more evident.

To the original investigator occupied with abstruse re-

searches in some one of the many branches of mathematics, a

work which gathers together synoptically the leading propo-

sitions in all, may not therefore prove unacceptable. Abler

hands than mine undoubtedly, might have undertaken the task

of making such a digest ; but abler hands might also, perhaps,

be more usefully emj^loycd,—and with this reflection I have the

less hesitation in commencing the work myself. The design

which I have indicated is somewhat comprehensive, and in

relation to it the present essay may be regarded as tentative.

The degree of success which it may meet with, and the

suggestions or criticisms which it may call forth, will doubt-

Ic: ! have their effect on the subsequent portions of the work.

With respect to the abridgment of the demonstrations, I

may remark, that while some diffuseness of explanation is not

only allowable but very desirable in an initiatory treatise,

conciseness is one of the chief reciuiremcnts in a work intended
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for tlio piii-i)OSos of revision and rcfiTeiico only. In order,

liowever, not to sacrifice clearness to conciseness, much moro

la])our has been expended upon this part of the subject-matter

of the book than will at first sip^ht be at all evident. The only

])alpal)le I'esult lK'in<^ a compression of the text, the result is

so far a neji^ative one. The amount of compression attained

is illustrated in the last section of the present part, in which

moro than the number of propositions usually given in

treatises on Geometrical Conies are contained, together with

the figures and demonstrations, in the s})ace of twenty-foui*

pages.

The foregoing remarks have a general application to the

work as a whole. With the view, however, of making the

earlier sections more acceptable to beginners, it will be found

tliat, in those sections, important principles have sometimes

been more fully elucidated and more illustrated by exam})les,

than the plan of the work would admit of in subsequent

di\isions.

A feature to which attention may be directed is the uni-

form system of reference adopted throughout all the sections.

AVithtlie object of facilitating such reference, the articles have

been numbered progressively from the commencement in

large Clarendon figures ; the breaks which will occasionally

be found in these numbers having been purposely made, in order

to leave room for the insertion of additional matter, if it should

be re(piired in a future edition, without distui-bing tlie oi'iginal

numbers and references. With the same object, demonstrations

and examples have been made subordinate to enunciations and

formidie, the former being [)rinted in small, the latter in bold
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type. By tliese aids, tlic intordcpcndoncc of propositions is

more reudily sliown, and it becomes easy to trace the connexion

Ijetwecn theorems in different branches of mathematics, with-

out the loss of time which would be incurred in turning to

separate treatises on the subjects. The advantage thus gained

will, however, become more apparent as the work proceeds.

The Algebra section was printed some years ago, and does

not quite correspond mth the succeeding ones in some of

the particulars named above. Under the pressure of other

occupations, this section moreover was not properly revised

before f>'oing to press. On that account the table of errata

will be found to apply almost exclusively to errors in that

section ; but I trust that the hst is e:s.haustive. Great pains

liave been taken to secure the accm^acy of the rest of the

volume. Any intimation of errors will be gladly received.

I have now to acknowledge some of the sources from which

the present part has been compiled. In the Algebra, Theory

of Equations, and Trigonometry sections, I am largely in-

debted to Todhunter's well-known treatises, the accuracy and

completeness of which it would be superfluous in me to dwell

upon.

In the section entitled Elementary Geometry, I have added

to simpler propositions a selection of theorems from Town-

send's Modern Geometiy and Salmon's Conic Sections.

In Geometrical Conies, the line of demonstration followed

agrees, in the main, with that adopted in Drew's treatise on the

subject. I am inclined to think that the method of that

author cannot be much improved. It is true that some im-

portant properties of the ellipse, which are arrived at in
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Drew's (\)nic Si^ctioiis tlirou^^h ccitnin iiitcnncdialc jn'oposi-

tions, can be dcMliicod at once from tlie circle ])y tlic metliod of

orthogonal projection. But the intcM-mediate propositions can-

not on that account be dispenscnl w itli, for they are of value in

th(Mns('lv(\^. ]\Ioreov(>r, tlie nietliod of projection applied to

Ili(> hyperbola is not so successful; because a pi-oj)erty which

lias first to bo proved true in the case of the equilateral

hyperbola, might as will be proved at once for the general case.

I have introduced the method of projection but spanngly,

alwavs giving prefei'ence to a demonstration which admits of

being n])])li(Ml in the same identical form to the ellipse and to

the hyperbola. The remarkable analogy subsisting between

the two curves is thus kept prominently before the reader.

The account of the C. G. S. system of units given in the

preliminary section, has been compiled from a valuable con-

tribution on the subject by Professor Everett, of Belfast,

published by the Physical Society of London.* This abstract,

and the tables of physical constants, might perhaps have found

a more appropriate place in an after part of the work. I have,

however, introduced them at the commencement, from a sense

of the great importance of the rcfonu in the selection of units

of measurement Avhich is embodied in the C G. S. system,

and from a belief that the student cannot be too early

familiarized with the same.

The Factor Table wliich folluAvs is, to its limited extent, a

rei)rint of Burckluirdt's " Tnhlr.^ ilrs diviscurs,'' published in

* "Illustrations of the Centimetrc-Grammc-Sccoiid System of Units."

London : Taylor and Francis. 1875.
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1814-17, which give the least divisors of all numbers from 1

to 3,036,000. In a certain sense, it may be said that this is

the only sort of purely mathematical table which is absolutely

indispensable, because the information which it gives cannot

be supplied by any process of direct calculation. The loga-

rithm of a number, for instance, may be computed by a

formula. Not so its prime factors. These can only bo

arrived at through the tentative process of successive divisions

by the prime numbers, an operation of a most deterrent kind

when the subject of it is a liigh integer.

A table similar to and in continuation of Burckhardt's has

recently been constructed for the fourth million by J.^Y. L.

Glaisher, F.R.S., who I believe is also now engaged in com-

pleting the fifth and sixth millions. The factors for the seventh,

eighth, and ninth millions were calculated previously by Dase

and Rosenberg, and pubhshed in 1862-05, and the tenth

million is said to exist in manuscript. The history of the

formation of these tables is both instructive and interesting.*

As, however, such tables are necessarily expensive to pur-

chase, and not very accessible in any other way to the majority

of persons, it seemed to me that a small portion of them

would form a useful accompaniment to the present volume.

I have, accordingly, introduced the first eleven pages of Burckh-

ardt's tables, which give the least factors of tlie first 100,000

integers nearly. Each double page of the table here pi-iiUed is

* Sec " Factor Table for the Fourth JifiJltoii." By James Glaisher, F.R.S.

London: Taylor and Francis. 1880. Also Camh. J'hil. Soc. Proc, Vol. TIL,

Pt. IV., and Nature, No. 542, p. 402.



an exact rcpi'otluctiuii, iu all l)iit tlie tyi'e, of ;i Hiii^^e (|iiar(o

I)ai^n: of JJm-c'kluirdt's great work.

It may l)e noticed licro that Prof. Lebesquo constructed

ji tal)le to a))out tliis extent, on tlio ])lan of omlttinj^ tlio

n)ulti|)les of seven, and tlius re<lucins^^ tlie size of tlie tabic

))y about one-sixtli.* ]3ut a small calculation is re(|uired iu

using the table which counterbalances the advantage so gained.

The values of the Gamma-Function, pages 30 and 31 , have

been taken from Legendre's table in his ^'Excrciccs de Calcnl

Infnjral,'' Tome I. The table belongs to Part II. of tliis

Volume, but it is placed here for the convenience of having

all the numerical tables of Volume I. in the same section.

In addition to tlie autliors already named, tlie following

treatises have been consulted—Algebras, by AYood, Bourdon,

and Lefebure de Fourcy ; Snowball's Trigonometry ; Salmon's

Higher Algebra ; the Geometrical Exercises in Potts's Euclid
;

and Geometrical Conies by Taylor, Jackson, and Renshaw.

Articles 2G0, 431, o69, and very nearly all the examples,

are original. The latter have been framed with great care, in

order that they might illustrate the propositions as completely

as possible.

G. S. C.

Hadi.ry, ^Iiiii>i,i;.sKx
;

AIu)/ 23, 18ba.

* "Tables divcrscs pour la decomposition des nombrca en leura HietLurs

premiers." Par V. A. Lebesque. Paris. 18G-ii.

b
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REFERRED TO IX THIS WORK.

Tho references to Euclid are made in Koinan and ^Vrabic numerals ; e.g. (VI. 19).

BOOK T.

I. 4.—Triaui^'los arc equal and similar if two sides and the included

an<^le of each are equal each to each.

I. 5.—The angles at the base of an isosceles triangle are equal.

1. 0.—The converse of 5.

I. 8.—Triangles are equal and similar if tlie tliroe sides of eacli arc

ecjual each to each.

I. IT).—The exterior angle of a triangle is grojiter than the interior

and opposite.

I. 20.—Two sides of a triangle are greater than the third.

I. 26.—Triangles are equal and similar if two angles and one corres-

ponding side of each are equal each to each.

I. 27.—Two straight lines are parallel if tlicy make equal alternate

angles with a third line.

I. 29.—The converse of 27.

I. 32.—The exterior angle of a triangle is cqiial to tho two interior

and opposite; and tlic three angles of a triangle are equal

to two right angles.

C'riK. 1.—The interior angles of a ]-)olygon of n sides

= («-2)7r.

C'oK. 2.—The exterior angles = 27r.

I. 35 to 38.—Parallelograms or triangles upon tlie same or equal

bases and between tho same parallels are equal.

I. la.—The conq)lements of the parallelograms about the diameter

of a parallelogram are c([ual.

T. M

.

—Tlio square on the hypotenuse of a right-angled triangle is

equal to the scpiares <m the other sides.

I. 48.—The converse of 47.
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BOOK II.

II. 4.—If a, h arc the two parts of a riglit line, {a+ iy = a" -\-1nh-\-h-.

If a right line be bisected, and also divided, internally or

externally, into two nnequal segments, then
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II. 5 and 6.—The rectangle of the unequal segments is eqnal to the

difference of the squares on half the line, and on the line

between the points of section; or (a + i) (a-h) = a?— l/.

II. 9 and 10.—The squares on the same unequal segments are together

double the squares on the other parts ; or

II. 11.—To divide a right line into two parts so that the rectangle

of the whole line and one part may be equal to the square on

the other part,

II. 12 and 13.—The square on the base of a triangle is equal to the

sum of the squares on the two sides lolus or mimis (as the

vertical angle is obtuse or acute), twice the rectangle under

either of those sides, and the projection of the other upon it

;

or a- = h- + c''-21jccosA (702).

BOOK III.

III. 3.—If a diameter of a circle bisects a chord, it is perpendicular to

it : and conversely.

III. 20.—The angle at the centre of a circle is twice the angle at the

circumference on the same arc.

III. 21.—Angles in the same segment of a circle are equal.

III. 22.—The opposite angles of a quadrilateral inscribed in a circle

are together equal to two right angles.

ITT. 31.—The angle in a semicircle is a right angle.

111. 32.—The angle betAveen a tangent and a chord from the pcint of

contact is equal to the angle in the alternate segment.

111. 33 and 34.—To describe or to cut of ti segment of a circle which

shall contain a given angle.

III. 35 and 30.—The rectangle of the segments of any chord of a

circle drawn through an inta'ual or external point is eiiual

to the square of the semi-chord perpendicular to the

diameter through the internal point, or to the square of the

tangent from the external point.

III. 37.—The converse of 3G. If the rectangle be equal to the .scpiare,

tlic lino which meets the circle touches it.
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lUJUK IV.

IV. 2.—To insoi-ilif a trian^k' of yivcii form in a i-irclc

IV. 3.—To describu tlic same about a circle.

IV. 4.—To inscribe a circle in a triangle.

IV. 5.—To describe a circle about a triangle.

IV. 10.—To construct two-iiftlis of a right angle.

1\'. 11.—To construct a regular pentagon.

VI

VI. 4.

VI.

VI.

VI.

BOOK VI.

VI. 1.—Triangles and parallelograms of the same altitude arc

proportional to their bases.

VI. 2.—A right line parallel to the side of a triangle cuts the other

sides proportionally ; and conversely.

3 and A.—The bisector of the interior or exterior vortical angle of

a triangle divides the base into segments proportional to

the sides.

Eipiiangular triangles have their sides proportional honio-

logously.

5.—Tlie converse of -i.

0.—Two triangles are equiangular if they have two angles equal,

and the sides about them proportional.

7.—Two triangles are equiangular if they have two angles equal

and the sides about two other angles proportional, provided

that the third angles are both greater than, both less than,

or both equal to a right angle.

6.—A right-angled triangle is divided by the perpendicular from

the right angle upon the hypotenuse into triangles similar

to itself.

11 and l.'i.—Equal lyaralldoijrams, or trianjlcs which have two
angles equal, have the sides about those angles reciprocally

jiroportional ; and conversely, if the sides are in tliis i)ro-

jiDi-tion, the figures are eciual.

ll*.—Similar triangles are in the duplicate latio of their homo-

logous sides.

2".—Likewise similar jjiilyg'ons.

23.—E(|uiangular parallelogi-auis are in the ratio compoundetl of

the ratios of their sides.

B.—The rectangle of the sides of a (riangle is ccjual to the s(]uare

of the bisector of the vertical angle i>lus the rectangle of

the segments of the base.
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VI

VI.

VI.

VI.

VI.
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VI. C.—The rectangle of the sides of a triangle is equal to tlie rect-

angle under the perpendicular from the vertex on the

base and the diameter of the circumscribing circle.

VI. D.—Ptolemy's Theorem. The rectangle of the diagonals of a

quadrilateral inscribed in a circle is equal to both the

rectangles under the opposite sides.

BOOK XI.

XI. 4.—A right line perpendicular to two others at their point of

intersection is perpendicular to their plane.

XI. 5.—The converse of 4. If the first line is also perpendicular to a

fourth at the same point, that fourth line and the other

two are in the same plane.

XI. 6.—Right lines perpendicular to tlie same plane are parallel.

XI. 8.—If one of two parallel lines is perpendicular to a plane, the

other is also.

XI. 20.—Any two of three plane angles containing a solid angle are

greater than the third.

XI. 21.—The plane angles of any solid angle are together less than

four r'nAit ano'les.
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involved in its production, and the pressure of other duties,

must form the autlior's excuse.

In the compilation of Sections VIII. to XIV., the

following works have been made use of :
—

Treatises on theDifFerential and Integral Calculus, by liertratid,

Hymer, Todhunter, Williamson, and Gregory's Examples

on the same subjects; Salmon's Lessons on HigherAlgebra.

Treatises on the Calculus of Variations, by Jellett and Tod-

hunter ; Boole's Differeutial Equations and Supplement

;

Carmichtiers Calculus of Operations ; Boole's Calculus of

Finite Differences, edited by Moulton.

Salmon's Conic Sections; Ferrors's Trilinear Coordinates;

Kompo on Linkages {Fruc. of Roij. Soc, Vol. 23) ; Frost

aud Wolstenholme's Solid Geometry ; Salmon's Geometry

of Three Dimensions.

Wolstenholme's Problems.

The Index which concludes the work, and which, it is

hoped, will supply a felt want, deals with 890 volumes of

o2 serial publications : of tliese publications, thirteen belong

to Great Britain, one to Xew South Wales, two to America,

four to France, five to Germany, three to Italy, two to

Russia, and two to Sweden.

As the volumes only date from the year 180(j, the
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important contributions of Euler to the " Transactions of

the St. Petersburg Academy," in the last centur}^ are

excluded. It was, however, unnecessary to include them,

because a ver^- complete classified index to Euler's papers,

as well as to those of David Bernoulli, Fuss, and others in

the same Transactions, already exists.

The titles of this Index, and of the works of Euler

therein referred to, are here appended, for the convenience

of those who may wish to refer to the volumes.

Tableau general des publications de I'Academie Imperiale de

St. Pek'i-sbourg depuis sa fondation. 1872. [B.M.C.:* 11. Ii.

2050, e.]

I. Commentarii Academias Scientiarum Imperialis Petropolitanae.

1726-1746; 14 vols. [B.M.C: 431,/.]

II. Novi Commentarii A. S. I. P. 1747-75, 1750-77; 21 vols.

[B. M. C. : 431,/. 15-17, g. 1-16, h. \, 2.]

III. Acta A. S. I. P. 1778-86; 12 vols. [B.M.C: 431, /i.;3-8; or

T.C. 8,a. 11.]

IV. Nova Acta A. S. I. P. 1787-1806; 15 vols. [B. M. C. : 431,

A. 9-15, LIS; or T.G. 8, a.23.]

V. Leonliardi Euler Opera minora coUecta, vel Commentationes Aritli-

meticte collectse ; 2 vols. 1849. [B. M. rj. : 853 J-, ee.]

VI. Opera posthuma mathematica et pliysica ; 2 vols. 1862. [B.M.C:

8534,/]

VII. Opuscula analytica ; 1783-5; 2 vols. [B.M.C: 50,/. 15.]

Analysis infinitorum. [B.M.C: 529,6.11.]

G. S. C.

Endslkigh Gakdkns,

London, N.W., 1886.

British Museum Ctitiilogui
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MATHEMATICAL TAJiLKS.

INTRODUCTION.

The Ccnthnctrv-Grammc-Second system of units.

Notation.—The decimal measures of length are the kilo-

metre^ hectometre, decametre, metre, decimetre, centimetre,

miUimetre. The same prefixes are used with the litre and

gramme for measures of capacity aud volume; ^'^''f^
Also, 10' metres is deuouiinated a metre-><ei:en; 10"^ metres,

a seventh-metre ; lO^f grammes, a gramme-fy'tcen ; and so on.

A o;rainme-imttwH is also called a megagramme ; and a

milliontli-gramme, a microgramme ; and similarly "with other

measures.
Definitions.—The C. G. S. system of units refers idl pliy-

sical measurements to the Centimetre (cm.), tlie (Jramme (gm.),

and the Second (sec.) as the units of length, mass, and time.

Tlie quadrant of a meridian is approximately a metre-

seven. More exactly, one metre = 3-28U8Gyi feet = 89-370-i-j2

inches.

The Gramme is the Unit of mass, and the weight of a

gramme is the Uiiit qftveight, being approximately the wciglit

of a cubic centimetre of water; more exactly, 1 gm. =
15-432:U1) grs.

The jL/f;v' is a cubic decimetre: but one cubic centimetre

is the C. G. S. Unit of volume.

1 litre = -035317 cubic feet = '22000(37 gallons.

The l)i/ne (dn.) is the Unit offorce, and is the force wliicli,

in one second generates in a gramme of matter a velocity of

one centimetre per second.

The 7'i/v/ is the Unit of worlc and energg, and is the work
done by a dyne in the distance of one centimetre.

The absolute Unit (f atmospltcric pressure is one meg:ulyno

})er square centimetre = 71«'0G1 cm., or 2!>"."j14 in. of mercurial

column at 0" at London, where ^ = y8ri7 dynes.

Elasticitij of Volume = l\ is the pressure per unit area

upon a body divided by the cubic dilatation.

15
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Rigidity = n, is the shearing stress divided hj the angle

of the shear.

Young's Modiihifi = M, is the longitudinal stress divided

by the elongation produced, = 9nh -h (3/j+ ??).

Tenacity is the tensile strength of the substance in dynes

per square centimetre.

The Gramme-degree is the Unit of heat, and is the amount

of heat required to raise by 1° C. the temperature of 1 gramme
of water at or near 0°.

Thermal capacifi/ of a body is the increment of heat

divided by the increment of temperature. When the incrc-

raonts are small, this is the thermal capacity at the given

temperatu"e.

Specific heat is the thermal capacity of unit mass of the

body at the given temperature.

The Electrostatic iinit is the quantity of electricity which

repels an equal quantity at the distance of 1 centimetre mth
the force of 1 dyne.

The Electromagnetic unit of quantity = 3 X 1 0^'' electro-

static units approximately.

The Unit ofpotential is the potential of unit quantity at

unit distance.

The Ohm is the common electromagnetic unit of resistance,

and is approximately = \(f G. G. S. units.

The Volt is the unit of electromotive force, and is = 10^

C. G. S. units ofpotential.

The Weber is the unit- of current, being the current due to

an electromotive force of 1 Volt, with a resistance of 1 Ohm.
It is = -j^ C. G. S. unit.

Resistance ofaWiTe= Specific resistance X Length -r- Section.

Physical constants and Formulce.

In the lutitudc of London, cj = 3:2-1908t' feet per second.

= l>!^ri7 centimetres per second.

In latitude X, at a liciglit h above the sea level,

g = (98O-0U56— 2-.'')028 cos 2/\— -OOOOO:]/;) centimetres per second.

Seconds ])endaliim = (iJ9-85G2— -2536 cos 2\— -0000003 h) centimetres.

THE 7';.17i"i7f.— Semi-polar axis, 20,854890 feet* = G-3;.4ll x lO^centims.

Mean semi-equatorial diameter, 20,9_'G202 „ * = 3782t x 10"

Quadrant oi" meridian, 39-377780 x 10' inches* = TOOOlOO x lO" metres.

Volume, r08279 cubic centimetre-nines.

JIass (with a density 5g) = Six gramme- twenty-sevens nearly.

* These dimensions nro liikcn frjiu C'larko'a "Geodesy," 1880.
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Velocity in orbit = 2033000 ccntims per sec. Ohii.iuity, -2:f 27' lo".»

Aiii^ular vclucily of rotation = 1 -=- 13713.

Precession, t>0"'20.* Prounession of Apse, U"-2.'). I':cCentricity, e = -01079.

Centrifugal Ibrce of rotation at tlio equator, ;>-3'.)12 dynes per «^nunnio.

Force of attraction upon moon, -2701. Force of sun's attraction, -0839.

Katio of (/ to centrilu^ral force of rotation, g : rw* = 2H0.

Sun's horizontal parallax, h"7 to '.»'.* Aberrat i<.n, 20"-ll to 20"70.*

Semi-diameter at earth's mean distance, 1»>' l"b2.*

Approximate mean distance, 1>2,UUOUUO miles, or l"'i8 centimetre-tliirleens.t

Tropical year, 3Go2422l6 days, or 31,550927 seconds.

Sidereal year, 305-250374 „ 31,558150 „
Anomalistic year, 305-259544 days. Sidereal day, 8010 !• seconds,

TJllJ M0UN.—Uas8 = Earth's ma.'^s X -011304 = 0-98 10^ granimes.

Horizontal parallax. From 53' 50" to 01' 24".*

Sidereal revolution, 27d. 7h. 43m. 1 l-40s. Lunar month, 29d. 12h. l-lin. 2878.

Greatest distance from the earth, 251700 miles, or 4U5 centinieire-tens.

Least „ „ 225000 „ 303
Inclination of Orbit, 5° 9'. Annual regression of Nodes, 19° 20'.

Hulk.—{The yt'ar+l)-^19. The remainder is the Guhlen Number.

{Tlie Uulih'ti Number— 1) X 11-^30. The remainder is the Ejiact.

GRAVITATION.— Attraction between masses ) mm
clvues

m, m' at a distanco / j ~ ;-' x l-54o x It/

The mass which at unit distance (1cm.) attracts an eijual mass with unit

force (1 dn.) is = v/(l-543x 10^; gm. = 3iV28 gm.

Tr.rr^/i!.—Density at 0°C., unity ; at 4°, 1 0000l3 (Kupffer).

Volume elasticity at 15°, 2-22 X iV".

Compression for 1 megadyue per sq. cm., 4-51x10-* (Amaury and

Descamps).
The heat required to raise tlie temperature of a mass of water from 0° to

i° is proportional to <+ -00002/" + OiJ00003i* (Regnault).

G'yI-8'ii'iS'.—Expansion for 1° C, -003065 = 1-4-273.

Spccitic heat at constant pressure _ i.jAq

Specific heat at constant volume

Density of dry air at 0° with Bar. at 76 cm. = -0012932 gm. per cb. cm.

(Regnault).

At unit pres. (a megadyne) Density = -0012759.

Density at press, p = jtx 1-2759 X 10"'.

Density of saturated steam at t°, with j) taken) _ -7931 .09^;)

from Table 11., is approximately j (i -|- OUoOOO lO"*

SOUND.—Velocity = \/(elasticify of mediuvi -^ detusifij).

Velocity in dry air at t° = 3o2 10 ^(1 -+--00300/) centimetres per second.

Velocity in water at U' = 14;:U(J0 „ „

LIGHT.— A'elocity in a medium of absolute refrangibility /i

= 3004 X lO"'-^^ (Coruu).

If I' be the pressure in dynes per sq. cm., and / the temperature,

^i-l = 29(K; X lU-''i'-4-(l-|--OO30i;/) (Biot & Arago).

• These fliita iire from the "Nautical .Mmniiack" for 1S8:{.

t Inuisil ol' Vuuus, IbTt, " Aalruin. S c. XuI.lcs,'' Vols. 37, '<i8.
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Table I.

Various Measures and their Equivalents in C. G. S. units.

Dimensions.

1 inch = 2-5400 cm.
1 foot = 30-4797 „
1 mile = 160933 „

1 nautical do. = 185230 „

1 sq. inch = 6'451G sq. cm,
1 sq. foot = 929-01 „
] Pq. yard = 83G1-13 „
1 sq.mile = 2-59 X 10^°,,

1 cb. inch = 16387 cb. cm.
1 cb. foot = 28316
1 cb. yard = 761535 .,

1 gallon = 4541 „
= 277-274 cb. in. or the vo-

lume of 10 lbs. of water
at 62° Fall., Bar. 30 in.

1 grain

1 ounce
1 pound
1 ton

1 kilogramme
1 pound Avoir

1 pound Troy

Mas^.

= -06479895 gra.

= 28-3495
= 453-5926 „
= 1,016047 „
= 2-20462125 lbs.

= 7000 grains

= 5760 „

^'cIoclfl/.

1 mile per hour = 44704 cm. per sec.

1 kilometre „ = 27'777 „

Pressure.

1 gm.persq.cm.= 981 dynes per sq.cm,
1 lb. pcrsci.foot = 479 „
1 lb. per sq. in. = 68971
76 centimetres-)

of mercury [ = 1,014,000 „
at 0° C. )

^^^^- P^^ ^q- ^"- = 70-307 = ^
gms. per sq. cm. -014223

Force of Gravity.

upon 1 cramme = 981
1 grain = 6fi-^)Cj777

„ 1 oz. =2-7811x10*
„ 1 lb. = 4-4497 X 10-^

„ 1 cwt, =4-9837x10'
„ 1 ton = 9-9674 X 10»

WorJc (^ = 981),

1 gramme-centimetre = 981

dynes

erofs.

1 kilogram-metre

1 foot-grain

1 foot-pound

1 foot-ton

981 X 10-"^

1-937 xlO\,
1-356x10" „

= 3-04 XW „
1 'hor.se po-wer' p. sec. = 7-46x10®

ITeat.

1 gramme-degree C, = 42 X 10" ergs,

1 pound-degree =191x10- „

1 pound-degree Fah. = 106 x lU* „

Table II.

Pressure of Aqueous Vapour in

dynes per scquare centim.

Teinj).
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BURCKTIARDT'S FACTOR TABLES.

For all M.'.Mr.KKS FJiOM 1 to 9'JOOO.

Explanation.—Tlic tables give the least divisor of cvciy

number from 1 up to 99000 : but numbers divisible by 2, 3,

or 6 are not printed. All tlie digits of the number whoso
divisor is sought, excepting the units and tens, will be found

in one of the three rows of larger figures. The two remaining

digits will be found in the left-haiid column. The least divisor

will then be found in the column of the first named digits, and
in the row of the units and tens.

If the number be prime, a cipher is printed in the place of

its least divisor.

The numbers in the first left-hand column are not conse-

cutive. Those are omitted which have 2, 3, or 5 for a divisor.

Since 2"-. 3. 5"^ = 300, it follows that this column of numl)er3

will re-appear in the same order after each multiple of 300 is

reached.

Mode of using TnE Tables.—If the number whose prime

factors are required is divisible by 2 or 5, the fact is evident

upon inspection, and the dinsion must be effected. The
quotient then becomes the number whose factors are required.

If this number, being within the range of the tables, is yet

not given, if is dirisihle by 3. Di\'iding by 3, we refer to the

tables again for the new quotient and its least factor, and so on.

Ex.\Mrr,ES.— Required the prime factors of 3101-55.

Dividinrr by 5, the quotient is G2031. This number is within the range

of the tables. But it is not found printed. Therefore 3 is a divisor of it.

Dividing by 3, the quotient is 20G77. The table gives 23 for the least factor

of 2ftr)77. Dividing by 23, the quotient is SW.
The table gives 2i» for tlie least factor of H'.tO. Dividing by 20, the quo-

tient is 31, a prime number. Therefore 31015-3 = 3.5.23.20.31.

Again, roipiired tiie divisors of 02881. The table gives 203 for the least

divisor. Dividing by it, the quotient is 317. Referring to the tables lor 31 7,

a cipher is found in tbe place of the least divisor, and this signifies that 317

is a prime nundjer.

Tlitrefore 02S81 = 203 X 317, the product of two primes.

It may be remarked that, to have resolved 02881 into these factors with-

out the aid of tiio tables by the method of Art. 3G0, would have iuvolved

fifty-nine fruitless trial divisions by prime uumbei-a.
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FACTORS.

1 a'-h'= (n-b) («+6).

2 <r-lr = (a-b) {(r-\-(tb-irb-).

3 a'-\-i/' = (a-\-b) {(r-ab-\-b').

And generally,

4 «"-.ft" = (a—b) («"-^+ «"--/>+ ... + //-') iilwiiys.

5 a"— b" = {(i+ b) {a"-'— a"--b+...—b"-') if n be even.

6 a"-\-b" = {a-\-b) («"-^-a»- -6+...+6"-') if n be odd.

8 Gr+^O G^*+&) (^<'+ c) = .^•^^+(^f+ />+ r') .r-^

ft / I
/\-' '

I .1 / I 7' 'i-(bc-{-('a-\-(ih).i -\-(ihc.
9 (r^+ o)- = (r-\-'2(W-\-b-. ' V I I

/ .

10 {(i-b)- = ir-'lab-\-}r.

11 (^/+ 6)'' =: a'-^\\irb^?uib-^-b^ = a'^b'-^i\ab {a-\-b).

12 {a-bf = a'-[\(rb-{-{\alr-lf' = d'-li'-Wab {a-b).

Generally,

{a±by=a'±7(i'b-]-2\(vb-±'^'m'b'-\-:irui'b'±2](tW-^^

Newton's Rule ior forming- the coefficients : Miiltiphj (inn

coefficient by the index of the leading qnantifi/, and divide bij

the number of terma to that place to obtain the coefficient of the

term next following . Tims 21xr)-^3 gives 35, the following

coefficient in the example given above. See also (125).

To square a polynomial : Add to the square of each term

twice the 2)roduct of that term and every term that folloivs it.

Thus, {a-\-b-^r-]-f/y

= rt-+ 2rt(ft+ r-+f/) + //-+2/>(r+^/)+r-+ 2rr/+^/-.
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13 a'-f a-6"+6' = {a--^ah-\-h-) {ir-ab-\-¥).

14 a'+b' = {a'+ab V2-\-I)') (a'-ab V2+6^).

15 („.+iy=,.Hi+2, (.+iy=.'+-L+3(,,.+i).

16 {a-\-b-^cY = (r-\-b--]-c'+2bc-\-2('a-\-2ab.

17 (a-^b+ cf = a'-\-b'-[-c'-\-',^ {b'c^bc--\-c'a-\-ca'

^a-b+a¥)-\-6abc.

Observe that in an algebraical equation the sign of any
letter may be changed throughout, and thus a new formula
obtained, it being borne in mind that an even power of a

negative quantity is positive. For example, by changing the

sign of c in (16), we obtain

{a-\-b-cf = a^+ h'+ c'-2bc-2ca+ 2ab.

18 a'+b'-c'+2(ib = {a-^b)--c' = («+6+c) {a+b-c)

^y (1).

19 (r-b'-r-\-2bc = a'-(b-cy = (a+ b-c) {a-b-\-c).

20 a'-\-b'-\-c'-^abc = {a-^b+c) {a'-\-b'-\-c'-bc-ca-ab).

21 bc'+b'c-\-ca'+chi+ab'-\-(rb-{-a'-\-b'-\-e'

= {a-^b+c^((r+b'-^r).

22 bc'-\-b-c-\-c(r+c'a+ ab''-^a-b+ :\(ibc

= {a-\-b-\-c){bc-}-ca-\-ah).

23 bc'-\-b'c+ m''-\-c'a-\-ab'+(rb+ 2abr={b-{-c)(c-\-((){a-j-b)

24 b(r+ b'c+ cd'+ c'n+ ab-+ (rb— 2abe— ({'— h'— r

'

= {b^c-a) {c^(i-b) {(i^b-c).

25 bc^-b^c+ ca'-c^a-irab'-irb = (b-c) (c-a) (a-b).

26 2b'c'-\-2c'a'-Jr2a'b~-a*-b'-c'

= {(i+ b-]-c) ib-\-c-a) (c+a-b) (a-\-b-c).

27 .rH2.t%+2.r/+ // = (,,+//) C^-•+ .^//+ /^).

Generally for the division of {x+ //)" — {x" -\- //") by .r- + xi/ -\-
y-

see (545).
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MrLTirLTCATTON AXD DTVTSTOX,

15YTHE MKTIKil) OF DETACH HI) roKFFICI KNTS.

28 Ex. 1 (a*-SaV + 2ab'+ b*) x (a'-2a6»-26').

1+0-3+2+1
l+U-2-2

1+0-8+2+1
-2-0+6-4-2

-2-0+6-4-2

1+0-5+0+7+2-6-2

Result a^-5aV- + 7a%* + 2o:'b'-Gab"-2b'

Ex. 2: (x^-bx' + 7x'+ 2x'-6x-2)-r-(x*-Sx' + 2x+ l).

1+0-3+2+1) 1+0-5+0+7+2-6-2(1+0-2-2
-1-0+3-2-1

0-2-2+6+2-6
+2+0-6+4+2

-2+0+6-4-2
+2+0-6+4+2

Result a;»-2.i— 2.

S(/ntlift}r Dici.sinn

.

Ex. 3: EmployiTig the ]a.st example, the work stands thus,

1+0-5+0+7+2-6-2
0+0+0+0
+3+0-6-6

-2+0+4+4
-1+0+2+2

-0
+3

-1

1+0-2-2

Re.sult [See also (248).

Note that, in all operations with detached coefficients, the result mn.st he

written out in successive powers of the quantity which stood in its successive

powers in the original cxpre.-^sion.
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INDICES.

29 Multiplication: a}x c(^ = a}'^^ = a^, or ^^a^;

a'
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32 Otherwise. — To form the H. C F. of two or more
algebraical expressions : Sfpanite the e.rprcHtiions into their

simplcd fdctorx. The 11. C. F. will be the product of the

factors co)nmoiL to all the exjyrGSsionSy taken in the loivest

powers that orcur.

LOWEST COMMON MULTIPLE.

33 The L. G. M. of two quantities is equal to their product

dicided hi/ the E. G. F.

34 Otherwise.— To form the L. C. M. of two or more
algebraical expressions : Separate them into their simplest

factors. The L. G. M. will he the product of all the factors

that occur, taken in the highest powers that occur.

Example.—The H. C. F. of a\h-xfchl and aXh-xfc'e is a=(6-.r)V
and the L. C. M. is a'{b — xY'c'de.

EVOLUTION.

To extract the Square Root of

., 3a \/a S\/a , 41a , ,"'-—^ 2- + 16-+'-

Arranging accoi'ding to powers of a, and reducing to one denominator, the

16a2-24;a'-|-41a-24a5 +16
expression becomes

16

35 Detaching the coefficients, the work is as follows :-

16-24+ 41 -2-4 + 10 (4-3 + 4

16

8-3
-3

-24+ 41

24- 9

8-6 + 4 32-24 + 16

' -32 + 24-16

D li. 4a — 3o* + 4 T / , 1Result —'— =a— ^v/a+l
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To extract the Cube Root of

37 Sx'- 36a;'' ^ij + 66x'y- 63xhj ^y + 33,cy- 9^-^y + y\

The terms here contain the successive powers of .r and \/y ; therefore,

detaching the coefficients, the work will be as follows:—
I. II. III.

6-3) 12 8-36 + 66-63+33-9 + 1(2-3 + 1

-6) -18+ 9^
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42 0^'+.y)' = (.r-//)-'+4r//.

43 {^-f/Y = (.r+//)'-4f//.

44 Examples.

2 yg^- b' + ^6'- x' _ 3 y/g^- //- + y/r-- ^Z'^

v/c^-o^ y/c^-rf^

9(r-a;^) =4(r-tZ-),

,[38.

a^ = y^c'+w

To simplify a compound fraction, as

' .,+ 1
a^— ab + h- a- + ah + li-

1 1

a*— a6+ 6* a*+ ab + b''

multiply the numerator and denominator by the L. C. M. of all the smaller

denominators.

Result
(a^ + ab + b') + (a'-ab + b')^a- + lr

(a- + ab + b')-(a--ab \-b') ab

QUADKATIC EQUATIONS.

'2(1

46 If «cr-+2^>( -fr = (I ; that is, if the coefficient of ,r be

an even number, .i' = .

47 Method of solution without the formula.

Ex.: 2.r— 7« + 3 = U.

7 3
Divide by 2, x'— -—x+ - = 0.

2 <j
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n w ^1 2 7
,

/7\- 49 3 25
Complete the square, x^ x-\- { = = —-

.

2 \ 4 / 16 2 16

Take square root, re— — = ± —

,

4 4

.r = ^^ = 3 or -"4 2*

48 Rule for "completing the square" of an expression like

33^— fci' : Add the square of half the coefficient of x.

49 The solution of the foregoing equation, employing formula (45), is

_fc±v/fe2_4^^ 7^y49_24 7±5 o 1

"
=

2a
= 4 =-^ = ^ "'

2-

THEORY OF QUADRATIC EXPRESSIONS.

If a, /3 be the roots of the equation ax--\-hx-\-c = 0, then

50 a.v'-]-kv-{-c = a {a—a){.v-S).

51 Sum of roots a+/8 = — -.
a

52 Product of roots a/3 = -.
a

Condition for the existence of equal roots

—

53 b^—4<ac must vanish.

54 The solution of equations in one unknoAvn quantity may
sometimes be simplified by changing the quantity sought.

Ex.(l): 2.+ «»L-l+ l^Lte =14 (1).
Sx + 1 dx' + bx—l

6.^- + 5.g-l ^ 6(3j; + 1) ^ j^
3a;+ l 6ar + bx— l

-^^^^ (^)-
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thus y + - = i^-

y

y having been dcUrininetl from this quadratic, x is afterwards found from (2).

55 Ex.2: a;H -, +X+-- =4.

(..!)%(.. l) = c.

Pat x-\ = ij, and solve the qnadi-atic in y.
X

56 l'^>i- '^ x' +x+^^2x' + x + 2 = -iy + 1

2x- + X + S v/2.«* + x+ 2 = 2,

lx^ + x + 2 + 3y/2.x^ + x + 2 = 4.

Put v2x*-\-x + 2 = y, and solve the quadratic

57 Ex.^: ^^"+3|v.= ¥-'

'i , 2 ? Iti
'' + 3

' = 3
2.1

A quadratic in y =z x^

.

58 Tojind Md.vitnd (ind MininKt rahn'.s hi/ menus of a

Q 1 1 (I (h'd t ic Ju/uatiou.

Ex.—Given ;/ = 3.r + G.c + 7,

to find what value of x will make y a maximum or mitiimnm.

Solve the quadratic equation

3.c' + 6a; + 7-y = 0.

Tl,>,s ^^ -3±y3y-12
,.45

o

In order that .r may be a real quantity, we must have '^y not less than 12
;

therefore 4 is a minimum value of //, and the value of x which makes y a

minimum is — 1.

O



oe

42 ALGEBBA.

SIMULTANEOUS EQUATIONS.

General solution icith tu-o unknotvn quantities.

Given

59 (ti^v-\-b,ij = Cil ^^. — c,b,—cA
^

^ c,a,-c,a,

a.a-[-b,i/=eJ'
' a^h.—a,h^ h^a.—b^a^

General solution with three unknown quantities.

60 Griven chA^-{-b,y-^c,z = (U\

a..v-\-biy-^c.z = dj

_ d,(h,c,-hc.?i+ d, {b,e,-b,Cs)+ (h (brC,-b,e,)
^

«i {b-2Cz—bsCo)-{-ao {hc^—b,Cs)-\-a3 {biC.— b.eyY

niid symmetrical forms for y and z.

Methods of solving simultaneous equations bettceen two

unknown quantities x and y.

61 I. By substitution.—Find one unhioivn in terms of the

other from one of the tivo equations, and substitute this value

in the remaining equation. Then solve the resulting equation.

Ex.: .r + 52/ = 23 (1)]
77/ = 28 {-I)]'

From (2), y = 4-. Substitute in (1) ; thus

.i- + 20 = 23, .r=3.

62 IL By the method of Multipliers.

Ex.: '6x + 5y = 36 (1) \

2x-:hj= 5 (2)V
Eliniinitc .» l)y multiplyincr oq. (1) by 2, and (2) by 3; thus

6x + l0y = 72,

6x— % = 15,

I9y = 57, by subtraction,

.'/= 3;

,T = 7, by substitution in Lt[. (2).
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63 Til. />// clKm^,in^: thr (/unnfitirs .sou;iIif.

Ek. 1: x-y= 2 (1))

.r-2/- + a- + v/ = :iO (-1))'

Let .(• + //
= ", x— if = i\

Substitute tliese valiius in (1) and (2),

uv + u = 30 )

n = 10
;

x-\-i/ = 10,

From which x = 6 and // = -i.

64 Ex.2: 2 -Ltl + 10 ^l^JL = 9 (1)^* X—
1J

x+ y

z' + 7>r = 0i (2)

Substitute ;: for ^^^' in (1) ;x-y

,. 2.-^1^ = 0;

2-^-92+10 = 0.

From which z = ~ or 2,

—!^ = 2 or —

.

x-y I

7
From which x — '.iy or — »/.

Substitute in (2) ;
tlius .'/ = 2 and x = 6,

or ^ ~ 77?
^"'^ '*^~ ~^'^'

65 Ex.3: 3.j; +5^= a-y (1) )

2x + 7y = 3.vy (2))-

Divide each (juantity by xy
;

^+ ^ =1 (^))
y « f

- + ^=3 (I, •

V *' I

Multiply (o) by 2,- and (I) by 3, and by subtraction y i.s eliminated.



44 ALGEBRA.

66 IV. % substituting y = tx, tfhen the equations are

homogeneous in the terms tvhich contain a' and y.

Ex.1: 52x^ + 7.ry = 52/^ (1)7

^x-^ = n (2)5"

From (1), h^x' + ltx' = 6fx' (3)
j

and, from (2), bx-Stx = 17 (4))'

(3) gives 52 + 7t = 6t\

a quadratic equation from whicli t must be found, and its value substituted

in (4).

X is thus determined ; and then y from y = tx.

67 Ex.2: 2x'' + xy + '3y' = l6 (1)
|

3y-2x= 4 (2)3'

From (1), by putting y = tx,

x'(2 + t + 5t') = 16 (3)) .

from (2), a. (3^-2)= 4 (4)3 '

squaring, a;' (9^^-12^+ 4) = 16 ;

9t'-12t + 4^ = 2 + t + Sf,

a quadratic equation for t.

t beino- found from tliis, equat'on (4) will determine x
;
and finally y — tx.

RATIO AND PROPORTION.

68 \i a\h v. e \ d\ then ad = be, and —= — ;

a-\-b __c-\-d ^ a— b _ e—d ^
a-^b _ e-\-d

~~b d ' b ~ d ' a— b c—d

69 " T = 17
=7 = '^"

'

""" T - i+</+/+&c.-

General theorem.

70 If ^ = 4 = 4 := kv. = k say, then
b d J

. ^ ^ pa''+ f/c"-]-re"+ Szc. } I

lpb"-\-qd"-\-rf"-^&G.))

where /), q, r, Sic. arc any quantities ^vhatever. Proved as

in (71).
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71 Rile.—To verify any equation between such proportional

quantities: Suhsfifufe for d, r, c, (Jv., their eqiiicalenta kh, Inly

kj\ ^'c. respect Ivcl ij, in the given equation.

Ex.—If a '.h '.: c : d, to show that

y/g—

6

_ \/a— \/b

^c — d Vc— -/d

Fni kb for a, and kd for c ; thus

^/a^> ^/kb-b s/by/k-i s/b

x/c-d -^kd-d Vds/k-l ^d

Va-K/h ^ Vkh-Vb _ v/6 ( x/k-1) ^ v^
Vc-Vd s/kd-Vd ~VdWk-\) -/d'

Identical results being obtained, the proposed equation must be true.

72 li a : b : c I d '. e &c., forming a continued proportion,

then a : c :: cr : fr, the duplicate ratio of a I b,

a : di: a^ : b^, the triplicate ratio of a I b, and so on.

Also \^a : ^^h is the subduplicate ratio of a : 6,

a' : h^ is the sesquiplicate ratio oi a : h.

73 The fraction -^ is made to approach nearer to unity in

value, by adding the same quantity to the numerator and

denominator. Thus

-—!— IS nearer to 1 than — is.

6+ aj f)

74 Def.—The ratio compounded of the ratios a : b and c : d

is the ratio ac : Id.

75 li a : b :: c : d , and a' : b' :: c' : d' ; then, by compound-

ing ratios, aa : bl/ :: cc' : dd'.

VARIATION.

76 If rt oc c and Ij a c, then (a+ b) cc c and \/ab a c.

77 If ^ Gc^ 7 i.u LI 1 "' '^

• •
^ - [ , then ac cc bd and — oc —

.

and coed) c d

78 If <t cc^) ^ve may assume a = hib, where m is some constant.
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ARITHMETICAL PROGRESSION.

Generalform of a series in A. P.

79 a, a-\-(I, a+ 2f/, «+ ;W, a-\-{n — l)d.

a = first term,

d = common difference,

/ = last of n terms,

s = sum of n terms ; then

80 I =a-[-{n-l)d.

81 * = («+ /)I

.

82 s={2a-\-{n^l)d}^.

Proof.—By writing (79) in reversed order, and adding both series

together.

GEOMETRICAL PROGRESSION.

Generalform of a series in G. P.

83 a, ar, ar, ar^, «r" "^

a = first term,

r = common ratio,

I = last of n terms,

s = sum of n terms ; then

84 l = ar"-\

85 s = a or a
r—

1

1—

r

If r be less than 1, and n be infinite,

86 s= -i^, since r" = 0.
I—

r

Proof.— (85) is obtained by multi]>lyiiig (83) by r, and siil)(racting one
series from the other.
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HARMONICAL PROGRESSION.

, -, — , -y, &G. are in Aritb. Prog.,

87 cf, b, Cy d, &c. are in Harm. Prog, when the reciprocals

i_ 1_ 1 1
a b r a

88 Or when a : b :: a -b : b— c is tlie rehition subsisting

between any three consecutive terras.

89 «^'' term of the series = r^ ; -. [87, 80.
{n-l)a-{n-2)

90 Approximate sum of n terms of the Harm. Prog.

, &c., wlien d is small compared with a,

ft+ rf' a+ 2d' a-^Sd

_ {a-{-(l)"-a"

1 2

Proof.—By takintr instead the G.P.
, + 7——77-0 + ;

—

r^TK + ••• •

91 Arithmetic mean between a and h = —^^.

92 Geometric do. = \/ab.

93 Harmonic do. = ——r.
<t-\-h

The three means are in continued proportion.

PERMUTATIONS AND COMBINATIONS.

94 Tlie nui'iber of permutations of v things taken all at a

thne = n{u-\){n^'>) ...\\.'lA = n\ or ;i"".

Proof hy IxnucriON.—Assume the foniiiila to ho true for n things.

Now take ?i + l things. After eaeh of those the remaining n things may bo

arranged in n ! ways, making in all nX n\ [that is (»t + l) !J
permutations of

w + 1 things; therefore, &c. See also (23."^) for the mode of proof by

Induction.
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95 The number of permutations of n things taken r at a

time is denoted by P {n, r).

P {n, r) = n (w-1) {n-2) ... (w-r+l) = n(^>.

Proof.—By (94) ; for («—r) things are left out of each pei-mutation
;

therefore P (n, r) = nl -i- {n—r)l .

Observe that r = the number of factors.

96 The number of combinations of 7i things taken r at a

time is denoted by G (n, r).

r r,, r) - n{n-l)in-2) ...(n-r-j-l) _ n^^^

^ ' ^

~
1.2.3. ..r = 7T

= C {n, n — r).
r\ {n— r)

For every combination of r things admits of r ! permuta-

tions; therefore G {n, r) = P{ii, r) -^ r!

97 G {n, r) is greatest when r = ^u or i{n + \), according

as n is even or odd.

98 The number of homogeneous products of r dimensions

of n things is denoted by H(y, r).

^ ^ ' * ^
1.2...r

=
V\

•

When r is > n, this reduces to

(>-+l)(>'+2)...(/^+ >— 1)
99

(V-I)!

PrOOK.—Jl{n, r) is equal to the number of terms in the pi-otluct of the

expansions by the Bin. Th. of the n expressions (1— a.i')~\ (1 — Z/.j)"\

(1 — cr)"', &c.

Pnt a=-h = c = &c. = 1. The number will be the coenTicIeut of x'^ in

(1-a:)-". (128, 129.)
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100 The niimbor of perimitations of n tliin<j:s tjiken all to-

gether, when a of them are alike, h of them alike, c alike, &c.

a ! ^1 c! ... &c.

For, if the a things were all different, they would form a!

permutations where there is now but one. So of b, c, &c.

101 The number of combinations of n things r at a time,

in which any^ of them will always be found, is

= C(n-p, r-p).

For, if the p things be set on one side, we have to add to them
r—j) things taken from the remaining n—2) things in every

possible way.

102 Theorem: C(n-\, /— 1)+ C(;t-1, r) = C{u, >•)•

Peoof by Induction ; or as follows : Put one out of n

letters aside; there are G{u — l,r) combinations of the re-

maining 71— 1 letters r at a time. To complete the total

C(n, /•), we must place with the excluded letter all the com-

binations of the remaining n—l letters /*— 1 at a time.

103 If there be one set of P things, another of Q things,

another of ii things, and so on ; the number of combinations

formed by taking one out of each set is = FQIl ... &;c., the

product of the numbers in the several sets.

For one of the P things will form Q combinations with

the Q, things. A second of the P things will form Q more

combinations ; and so on. In all, PQ combinations of two

things. Similarly there will be PQE combinations of three

things; and so on. This principle is very important.

104 On the same principle, if p, 7, r, &c. things bo taken

out of each set respectively, the number of combinations will

be the ])roduct of the iiuniberR of the separate combinations ;

that is, = C{rp) . ('{Qr/) . C{Rr) ... Sec.
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105 The number of combinations of n things taken m at a

time, when p of the n things are alike, q of them alike, r of

them alike, &c., will be the sum of all the combinations of

each possible form of m dimensions, and this is equal to the

coefficient of x'" in the expansion of

(l^-.^' + ,T2+•••+.^'')(l+c^'+ cT'-h...+a?'')(l^-T^-.^''+•.+.^'•)••••

106 The total number of possible combinations under the

same circumstances, when the n things are taken in all ways,

1, 2, 3 ... 7i at a time,

= (p+l){g+l){r+l)...-l.

107 The number of permutations when they are taken m
at a time in all possible ways will be equal to the product of

m ! and the coefficient of x'" in the expansion of

&c.

SURDS.

108 To reduce >/2808. Decompose the number into its

prime factors by (360) ; thus,

V28iJ8 = y2\ 3M3 = 6 Vl3,

^a'" 6'" c^ = a'» b'^" c = fV' h' c' h c- = a' h" c' Vh6'

109 To briug 5^3 to an entire surd.

5y;3 = vo'. 3 = yi875,

a;» y^ z' = a;- y^ z^" = V^z^.

110 To rationnllse fractions hnvinf:; .surds in their

drnnminators.

j_^ y?. 1 ^ ^49 ^ y4o
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111 .J3^o=^^r-'<"^^'^°''
since (9- ^80) (9 + ^80) = 81 - 80, by ( 1 )

.

^^^ l+2y8-v/2 (l + 2y3)'--J 11 + 4/3

^ (1 + 2/3+^2) (11-4/3)
73

1^3
?/3-v/2 3*--i*"

Put 3* = a-, 2' = ij, and take G the L.C.M. of the deriominafors 2 and 3, tlien

„ . 1 3' + 3«2'+ 352*+ 3'2» + 3«2« + 2*
thereiore — -= z

3i-2* 3^-2'

= 3 y9 + 3 y72 + 6 + 2 yG48 + 4 y3 + 4 v/2.

114. . Here the result will be the same as in the last exainplo^^^ y3+/2
if the signs of the even terms be changed. [See 5.

115 A surd cannot bo partly rational ; that is, y/a cannot

be equal to >^''h+ c. rrovcd by squaring.

116 'J he product of two unlike squares is irrational;

^7 X y/'^ = ^/2], an iri-atioual (piantity.

117 The sum or difference of two unlike surds cannot

produce a single surd; that is, \/a-\-x/h cannot be equal

to \/c. 15y S(jnaring.

118 If " -\- \/m = J'i-^'^n; then a = h and w = n.

Theorems (115) to (118) are i)roved indirectly.

119 If ^/a+ W>= ^.c-\- s^ij,

then

By squaring and by (HH).



52 ALGEBRA.

120 To express in two terms \/7 + 2V6.

Let v/7 + 2v/6= ^x+^tj;

then x + y = 7 by squaring and by (118),

and X-2J = ^7'-{2^6y = a/49-24 = 5, by (119) ;

.•. ic = 6 and y = 1.

Result ye+i.

General formula for the same

—

121 \/a±^b=\/i{a-{-x/a'-b)±\/i{a-x/a'-b).

Observe that no simplification is effected unless a'— b is a
perfect square.

122 To simplify v/a+ Vb.

Assume \/a-\- Vb = x-{- \^y.

Let c = y/a^—b.

Then x must be found by trial from the cubic equation

4cr^— SccV = a,

and 7/ = cv'^—c.

No simplification is effected unless a^—h is a perfect cube.

Ex.1: V7 + 5^2 = x+y7j.

c= ^49-50= -1.

4.(;* + 3.t; = 7 ; .-. x=\, y

Result 1 + v/2.

Ex. 2: y9v/a— 11n/2 = v/-T+ v/y, two different surds.

Cubing, 9 v/3- 11 v/2 = a; v/.x' + 3.« y?/ + Sy ^x ^y^y,

.-. 9v/3 = (.T + %)ya;-) . .^^o^

liy2 = (:3x- + 2/)y2/)
' ^ ^

.-. .r = ."{ and ?/ = 2.
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123 To simplify v/(12 +4y3 + '4yr) + 2yi5).

Assume v/(12 + 4v/3 + 4v/5 + 2yi5) = ^x^ ^y-\- ^z.

Square, and equate corresponding surds.

Result v/3+yi+-/5.

124 To express \/A+ B in the form of two surds, wliere A
and B are one or both quadratic surds and n is odd. Take

(/

such that q (A^—B-) may be a perfect n^^ power, say />", by

(361). Take s and t the nearest integers to V'y (^4 + /?)''

and Vq{A--B)\ then

2Vq

Example: To reduce y89y8 + lU9y2.

Here A =89^3, B = 109^/2,

A''-B' = l; .-. p=l and q = I.

vq (A +By = 9+f \ f being a proper fraction ;

^qiA-By=l-f\' .-.8=9,1=1.

Result i(^9 + l + 2±v/9 + l-2) = y3+v/2.

BINOMIAL THEOREM.

125 (n+by =

126 General or (/•4-l)^" term,

r!

127 or ,
''[,

,

a"-n/

if n be a positive integer.

If b be negative, the signs of the even terms will be changed.
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If n be negative tlie expansion reduces to

128 {a+br^ =

129 General term,

v\

Elder's proof.—Let the expansion of (1 +.'«)", as in (125),

be called /(7i). Then it may be proved by Induction that the

equation f{'>n)Xf{n) =f{m+ n) (1)

is true when m and n are integers, and therefore universally

true ; because the form of an algebraical product is not altered

by changing the letters involved into fractional or negative

quantities. Hence

/(m+ ?i+j9+ &c.) =fim)Xf{n)Xf(p), &c.

Put 7n = 71= 2^ = &c. to Jc terms, each equal —, and the

theorem is proved for a fractional index.

Again, put —n for m in (1) ; thus, whatever n may be,

f{-^i)Xf{n)=f{0) = l,

which proves the theorem for a negative index.

130 For the greatest term in the expansion of (a-^-by, take

... -, ^ c {n^-l)b {n-l)b
r = the mtegral part of ^^

—

-—f- or ^^

f—

,

° ' a-{-b a — o

according as n is positive or negative.

But if b be greater than o, and n negative or fractional,

the terms increase without limit.

Required the 40th term (.f ( 1 —

Examples.

Hero r = 39 ; a = 1 ; b = - '- ; n= 12.

By (127), ilio term will he

_42! / _ 2..\-_ _ ^-^ iU-i^. (2.,-y« (^(3^

y!3i)!\ :W .
1-2.3 \sl ^

'
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Roqniied the Slst term of (a— .r)"*.

Here r = 30 ; h=-x\ 7i = — 4.

By (129), the term is

^ 4.5.6...80.:U.:V2.:i1 ,>. ^_ 31 .82. 33 «•'"

^~^^ 1.2. 3... 30 " ( -^^ - 1.2.3 -a" ''^ ^^

131 IleqairoJ the greatest term ia the expansion of — — when a

— = (l-|-.r)"'. Here n = ^^ a = 1, h = x in the formula

(n-l)fc _ 5x|> _ 231 .

a -6 1-H-

thert'foro r = 23, by (130), and the greatest term

_ , ,.o3 5.6.7...27 /14\'»^ 24 .25 .26 .27 lU^
~^ ^ 1.2.3... 23\17/ 1.2.3.4 \17/'

132 Find tlie fir.st negative term in the expansion of (2a + 3&)'*'.

We must take r the first integer which makes n— r-\-\ negative; there-

fore r>Jt + l = V +1 = 6| 5 therefore r = 7. The term will be

17 14 11 8 8 2. C 1"\
,

(2(7)-»(36/ by (126;

17. 14.11 . 85^2^ 1 J/_
7!

"
(2«)5'

133 Required the ooeffioient of .?;" in the expansion of i-—-^
j

.

g±M=(2.3..V(2-a.r'=C^)'(i-^)-'

the three terms last written being tliose which produce .r'*' after niultiplyii

by the factor (l-|-3a;-|- Jx*) ; for we have

33(|)%3„.x3^(^;:-)%lx35(|)^'

giving for the coeflicit nt of J'" iu the result

The coefficient of j" will in like jnanjicr be Ibi i !]

/' ".
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134 To write the coeflBcient of x^'"*^ in the expansion of (x-
^)

The general term is

(2jt + l-r)!r! x"- (2«+l-r)!r!

Equate 4n—4r+ 2 to 3m+l, thus

.
_4n—Sm+ l

Substitute this value of r in the general term; the required coefficient becomes

(2n+l)\

The value of r shows that there is no term in x^'"*^ unless ——"^."^
is an

[i(4n + Sm+ 3)]\ [i{4n-Sm + iy

ae of r sho'

integer.
**

135 An approximate value of (1+a?)", when x is small, is

l-\-7iXy by (125), neglecting x^ and higher powers of x.

136 Ex.—An approximation to \/y99 by Bin. Th. (125) is obtained from
the first two or three terms of the expansion of

(1000-1)* = 10-1 . 1000-5 = 10- 3^^ = mi- nearly.

MULTINOMIAL THEOREM.

The general term in the expansion of (a-{-hx-\-cx--\-&G.y is

j3, «(»-!) (»-2)...(p+l)
^^„ j,^,^^, ,^„«r..,..

ql rl si ...

where j;-f-r/ + r+ 5+&c. = n,

and the number of terms p, q, r, &c. corresponds to the

number of terms in the given nndtinomial.

]> is integral, fractional, or negative, according as n is one
or tlie other.

If n be an integer, (137) may bo written

138
,

]'
, ,

a' h" (••
</, . . . .r''+2''+3.,

pi (/ . r\ .V I

I neduccd fi-om Mio Tliii. Thoor.
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Kx. 1.—To write f lie enofficient of a'fec" in tlieoxpanfiinii of {n +{> -f r + i/)"

Hero put )/= 1(». ,. = 1, i>
= 'A, q=\, *-= r., s = () in (IMS).

Kesi.lt
10!

:^! 5
= 7.8.0.10.

Ex. 2.—To obtiiin till' CDcflSc-icnt of .r* in tlio cxiciusion ol

(l-2,«+ 3.i'»-4a;')'.

Here, compariiii,' with (l;{7), we liave ii = \, h = —2, c = :i, </ = — 4,

q + '2r + ;is- = 8,

1
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Employing formula (137), the remainder of the work stands as follows

:

2M-^})(-l)'"'^"^-*''(-'>"=
"

iT(-i)(-|-)(-|)l-^^=(-4)'(-)»= 15

Result 22f

139 The number of terms in the expansion of the multi-

nomial {a-\-h-{-r--\- to n terms)'' is the same as the number of

homogeneous products of n things of /' dimensions. See (97)

and (98).

The greatest coefficient in the expansion of {a-{-J>-\-<^-{-

to m terms)", n being an integer, is

Proof.—By making the denoniiuator in (138) as small as possible. The
notation is explained in (96).

LOGAEITHMS.

142 log,, ^^' = •^' signifies that a' = N, or

Def.— TJie logarithm of a nmiiber is the power to irliirJt tin

base must he raised to produce that number.

143 log.« = l, log 1 = 0.

144 log MN = log 3/4-log N.

log—- = log .1/— log N.

log (3/)" = «log3/.

log:;/ j/ = J- log J/. [li'^
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145 '"f^"' ^ n;;77/

Tliat is— 'riir lixjiirilhiii of a innnhrr In miij Imsr is niiml fo

(he loijnvitJnn- of flu' nuMibcr dlrulitl hi/ fhc /ni/(irifhiii of the

hdur, the two last named logaritlnns being taken to any tlie

same l^ase at ])leasui'e.

Pi;(iOl'.— Let, log,. u = .)' and \i)<y,.l,= i/\ ihvn a = c-'', b = r". Eliiiiiiuitc <.

c = a" = h"; .'. a = b", that is, \o<r,^a = -'

y y. e. d.

146 l<>K/.<^ = ,—^- •'>'< '•=--" ii' (1 ^5)-

147 ,og,„.v = ;2gby(l4n).

is called the modulus of the common system of logarithms

;

that is, the factor which will convert loi>arithms of nnml^ers

calculated to the base e into the corros]~)ondino; loo-nrit1ims to

the base 10. See (154).

EXPONENTIAL THEOREM.

149 *' = 1 + r.r+ '-^ + '^ + etc.,

where c = {a-])-\ ('(-\Y + \ (n-\y-Scc.

PiJOOF. n^ = fl + (a— l)j^ Ivxpand tliis Ijy JJinomial Thcoiviii, ami
collect the coedicients of .c ; thus c is obtained. A.ssnme r.,, c„ Arc, as the

coefficients of the succeeding poweis of ;r, and with this assumption write

ont the expansions of a"", a", and a'"*". Form the product of the first two
series, which product must be equivalent to the third. Therefore equate

the coefficient of .c in this product with that in the expansion of a'*". In

the identity so olitained, equate the coefficients of the successive powers of

y to determine Cj, f,, &c.
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Let e be that value of a which makes c = 1 , then

150 ,.' = i + .,.+ |l4.i_4.&c.

151 ''^^ + ^ + ^ +^ + ^^-

= '2-718281828... [See (2;»5).

Proof.—B}^ making x = 1 in (1-^0).

152 By making a; = 1 in (149) and ,t = c in (150), we obtain

a = e"" ; that is, c = log^ a. Therefore by (149)

154 \og,n = {a-l)-i(a-iy-hi(a-iy-&G.

155 l«g(l+.r)= .,.-£- + :;^_±-+&c.

156 \og{l-.v) = -.v~:^-^-'^-&c. [154
— »» 4

157 .-. l..sl±£=2J,, + :^ + 4^+&c.^-.

Put for ,r in (157); tluis,

158 l..g», = > )^ +|(!^y'+i(^f+&c.(

.

(m-\-l ,\\m-\-\' ;)\m+ l' )

Put ^ ^ for ,r in (157); thus,
2/^ + 1

^

159 lot,^ (//+ !) -loi^M*



CUNTIS ri:i> FRA < "I'lOXS. <;i

CONTINUED FRACTIONS AND CONVERGENT S.

160 'l^> liii'l foiiV('rt<( Ml ts to 3-M.i:)9 =

ill tlu" rule for II. ('. F.

;n4ir,<>
roceea hh

100000
99113
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The /i"' convergent is therefore

7» (lnqn-\-\rqn-l

The true value of the continued fraction will be expressed

by

163 p^anPn-r-^Pn^.^
(f„q»-i-\-qn->

in which ct'^ is the complete quotient or value of the continued

fraction commencing with a^.

164 Pnqn-i—Pn-iqn = ± 1 alternately, by (162).

The convergents are alternately greater and less than the

original fraction, and are always in their lowest terms.

165 The difference between F^ and the true value of the

continued fraction is

< and >
quqn+i qniqn+qn+i)

and this difference therefore diminishes as n increases.

Pkoof.—By taking tlie difference, ^« - Y"^'"^^" - (163)

Also F is nearer the true value than any otlier fraction

witli a less denominator.

166 l'\iFn+\ is greater or less than F'^ according as F„ is

greater or less than i^,,+i.

Grucral Theory of Vontlnucd Fnfrfion.s.

167 b'irst class of continued
[

Second class of contimu

d

fraction. fraction.

1/ _ ^1 ^'2 ^h

<'i
— ''•— ''.{

— &c.

ill, hi, itc. are taken as positive (piaiitities.



CONTINI'JJJ) Fh'AcriONS. {]^

'. '''

, Sec. ;ii"(' tcfiiKMl (•(nii/ioiKii Is of the coiit iiiiicd IViK'-

(ion. It' tlir compoiicnt s he iiitiiiilc in iiiiiiihrr, the coiit iiiiicil

IVactiou is said lo bo iuliniU-.

Let the successive conver<ients bo tloiiotod l)v

^'i . 1'-i
_f'\ ^1 . Pa _ ^^i ^^2 ki .

; and so oi

168 1 lit' law of formation of the convergents is

I'^or /',
I

For r,

Pn = f. P„ 1 + '^, />« .'
{ Pn = ftn pn 1" '>„ />« .'

•/« = <f„ Un - I+ f'n 7« - -1 ( V" — ^^< qn-l—f^H Hn-l

[Proved by Induction.

The relation between the successive differences of the

converg-ents is, by (108),

169 l^_lK^ h„..U„U !K_1K^\
7»+i Un qn^\ \q. v.-i

Take the — sign for 7'', and th(> + ^ov I '.

171 The odd convergents for i^, ^, ^'•\ &c., continually
Vi V.t

decrease, and the oven convero-onts, '-, ^-, S:c., continually
'/•' qi

increase. i^^'O

Every odd convn'oHMit is greater, and ovorv even con-

vergent is less, than all following convergents. (lGi>)

172 l^i.i'.—If the diffei-onco between consecutive conver-

gents diminishes without limit, the infinite contiiuied fraction

is said to l)e dcjiiilfr. if the same difference tends to a fixed

value greater than zero, the infinite continued fraction is hi-

drfinifr ; the odd convergents tending to ..nc value, and the

even converu'ents to another.
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173 F is definite if the ratio of every (|uotioiit to tlie next

component is greater than a fixed quantity.

Proof.—Apply (1(39) successively.

174 F is incommensurable when tlie romponents arc* all

proper fractions and infinite in number.

Proof.—Indirectly, and by (168).

175 if a be never less than /> + l, the convero'ents of V are

all positive proper fractions, increasing in magnitude, Pn and

(/„ also increasing with 7^. By (167; and (168).

176 If, ill this case, V be infinite, it is also definite, being

= 1, if a always =h-\-\ while h is less than 1, (175); and
being less than 1, if a is ever greater than h-{-\. By (ISO).

177 V is incommensurable when it is less than 1 , and the

components are all proper fractions and infinite in number.

180 If in the continued fraction V (167), we have a„ = h„ -\- 1

always; then, by (168),

'p,^=^ hy-\-hih.2-\-h]^h.2,b-i-{- ... to n terms, and q^z= p^^-{-\.

181 Ifj iu the continued fraction F, a,^ and h,i are constant

and equal, say, to a and h respectively ; then ^,;„ and (/„ are

respectively e(pml to the coefiicients of x!'"'^ in the expansions

/. h T a-\-hv
of -

, 2 and .,.

1 — ax— J? 1 — ^^c— hxr'

Proof.—p,i and q^ are the w*'' tei-uis of two recurring seiies. See (IGS)

and (251).

182 /''> v(»n'('i't (I Scries info a dnitiuucil Fractiini.

The series i +^ + :!l + ... +—
is ('(jual to a continued fraction 1^ 0^'^'^), with ;/ -|- 1 com-
poneiits ; th(^ first, second, and //-t-l"' coinj)on('iits being

1 ir,v u'i ,.r

u iii-{-i(.r «,,+ "" -i<^'

[Proved by Induction.
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183 Tlio scries

1 r r'- .r"-+— + -^+...+
r rr, rr^r. f'''\i'- ... ''»

is o(|ual to ;i coiitiimod fraction T (1C»7), with // + 1 coiiipo-

ncnts, the first, second, and // + !"' components beini^-

J_
l\r

!JI_1±, [Proved l)v In.lucfinn.

184 'Hie sio-n of w may be changed in eitlicr of the state-

ments in (182) or (18;3).

'

185 Also, if any of these series are convergent and iidinite,

the continued fractions become infinite.

186 To find fhr rahir of a rnntinurd fraction with

rrrnrrinii: qnitfirnf.s.

Let tlie continued fraction be

where ?/ = -- -

so tliat there are m recurring quotients. Form the |/"' con-

vergent for X, and tlie m^^' for //. 'Vhvu, by substituting the

complete quotients a„-\-i/ for a„, and a,,,.,,, -f-// for */„,,„ in (lC),s),

two equations are obtaincMl of the forms

from which, by (eliminating //, a (iii;i(lr;it ic (miumI ion foi' (h--

terminimr ;'' is obtained.

1R7 Tf !^^ ^h—

i)i' a colli iinicd I nii't ion, ;ni<

El I^

7i' (/"
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tlie correspoiKliiii^ first vi convorgents ; then '" "\ developed

by (1<J8), ]iroduces tlie continued fraction

1 hn />„_! h, b.

(In + (ln-l-\- (ln--2-\- '" + fh + «1

tlie quotients being the same but in reversed order.

INDETERMINATE EQUATIONS.

188 Given aa-\-hii = c

free from fractions, and a, /3 integral values of x and // wiiich

satisfy the equation, the complete integral solution is given by

.r= a— ht

y = fi+at

where t is any integer.

Example.—Given Src + -h/ = 1 1 '2.

Then X = 20, y = 4< are valnrs
;

x = 20-:U\

y= .l. + r,M
•

The v.alues of x and y may be exhiliited as niuler:

t = -2 -I I 2 .S -i 5 6 7

x= 26 28 20 17 14 11 8 5 2-1
7/=-G -1 -4 !) 11- 1!) 24 29 84 89

For solutions in positive integers / must lie between \" = 6j; and — t
;

tliat is, t must be 0, 1, 2, 8, 4, 5, or 6, giving 7 positive integral solutions.

189 If the equation be

(u—hjl = c

tlie solutions are given by

,v— a-\-ht
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EXAMPLK :
4c -8// = li>.

Here X = 10, //
= 7 satisfy ilie equaticjii

;

' ~ fiinii.Nli :ill tilt' solutions.
,/ = 7+ U *

The simultiinoous vahu'S of /, .r, und //
will he as follows :

—

t=-l) -i -:i --2 -I 1 -J :;

., = -5 -2 1 1- 7 10 l:{ 10 I'.'

,j = -rA -9 -5-1 3 7 11 1.-) 19

The number of positive integral solutions is infinite, ami the least positive

integral values of x and ij are given by the limiting value of /, viz.,

t>-\- and t>-\-'

that is, t mast be —1, 0, 1, 2, 3, or greater.

190 It" two values, a and /3, cannot readily be found by

inspection, as, for example, in tlie equation

17.t'+ 13// = 14900,

dlridr In/ f/ic huisf roi'ffirient, and equate the re iiiaiiiliKj frac-

tions to t, an intc/jer; thus

*+'+ if ="«+!;,
'"

4a— 2 = l-.it.

Repeat the process ; thus

4 4

Pat
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Here the number of solutions in positive integers is equal to the number of

^ X. ,
7 , 1137

integers lymg between — and -—- ;

or ~
Tq ^^^ ^^Tf ;

t^^t is, 67.

191 Otherwise.—Two values of x and y may be found in

the following manner :

—

17

33
Find the nearest converging fraction to y^. [By (160).

This is — . By (1G4) we have

17x3-13x4 = -1.

Multiply by 14900, and change the signs;

17 (-44700) + 13 (59600) = 14900

a = -44700
which shews that we may take , , ^^^^

( /5 = 59600

and the general solution may be written

x = -44700 + 13/,

y= 59600-17^.

This method has the disadvantage of producing high values of a and y8.

192 The values of x and //, in positive integers, which
satisfy the equation ax+ bi/ = c, form two Arithmetic Pro-

gressions, of which h and a are respectively the common
differences. See examples (188) and (189).

193 Abbreviation of the method in (169).

Example : ll.i;— 18;/ = 63.

Put X = 92, and divide by 9 ; then proceed as before.

194 To ohld'ni iiifriinil s(thitioN.s' nf (H-\-f)t/-\-rz = (I.

Write the equation thus

ax -{-III/ = (J— cz.

Put successive integers for ;:, and solve for .r, // in encli cnse



ItEDUGTION OF A QtlADJiATfC srUD. GO

TO Iv'KDlTCF] A QUA1>HATI(^ SLIHI) TO A

CONTINUED FRACTION.

195 EXAMI'I-K :

^29= 5+v/29-r, = 5-h
'^

,29 + 5'

y29 +5_ ^, v/29-:5^ ^ 5

4
'^^

. 4
"^^ ,'29 + 3'

5
~ ^ 5 ^^29 + 2'

v/29 +2_ .
, v/29-3_ ,

4
" 5 ~ "^

5 ^ ^V^29 + :>'

/29 +3_ g ,
v/29-5 _ 2, •—4 - ^ + "—4—- ^ + v^29+.y

^/29 + 5 = 1U+ V 29 -5 = 10 +
v/29 + 5'

Tlio (iiiotients 5, 2, 1, 1,2, 10 arc the gTcatest integers

contained in the quantities in the first cohimu. The quotients

now recur, ami the surd \/29 is equivalent to tlie continued

fraction

1_ 1_ 1_ 1 J 1_ 1_ 1 ]

5+ 2+1+1+ 2+ 10+ 2+ 1+ 1+ 2 + c^c.

The convcrgents to v/29, formed as in (IGO), will be

5 11 10 27 70 727 1524 2251 3775 9801

T' 2' 3' 5' 13' 135' 283' 418' 701' 1820'

196 Note that the last quotient 10 is the greatest antl twice

the first, that the ><i'ron(l is the first of the recurring ones, and

that the recurring quotients, excluding the last, consist of

pairs of equal terms, <[iu)tients e(|ui-distant from the first and

last being ecjual. These properties are universal. (See 204

-210).

To for)) I liiii'h ro)H'C)'i»'r)ifs rnpUllji.

197 Suppose m. the number of recurring (piotients, or any
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multiple of that number, and let the m^^' convergent to \/Q be

represented by F„,; then the 2??^"' convergent is given by the

formula F„„ = i .Jf;,+ -^^- by (203) and (210).

198 i'or example, in approximating to \/29 above, there ai-e five recurring

quotients. Take m = 2x5 = 10 ; therefore, by

i^,y = ^-——, the 10^'^ convergent.
1820

Therefore F,, =
{||^^

+ 29x^1820
) ^ 192119201

)801 ) 35675640^

the 20^'' convergent to \/29 ; and the labour of calculating the interveninf

convergents is saved.

GENERAL THEORY.

199 'J'he process of (174) may bo exhibited as follows :-

= a.

^±^ = ..+
''Q+ r„,-

200 Tl 1 1 1

v/g = f
/ ,
+ a, -h a,+ a^-irScv.

Tli(! (juotients '/,, rr,, a.^, iScc. are the integral parts oF the fi'ac-

tions on tlie left.
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201 'I''"' •'•I'intions coinicct iii^- tlic rnniiiiiiii^- (|ii;iiit it ii'S iii-c

r, r= (I. )'.,—( >:5 —

r., = ^/,. ,r ,-.= ^=:^

Tlie ?/*'' r()iivorn:(Mit to \/(? will bo

202 ^ = ^iiLZ!zL-_Lii!±l2_ [By Tndnctioii.

The tnu> value of v'^^ i^ ^^''^^^t tliis becomes wIh-ii we

substitute for (/„ the complete quoticDt ^ '

", of wliicli <i„

is only the integral part. This gives

By tlie relations (1 '.)<)) to (203) tlie following theorcius ai'*^

demonstrated :
—

204 All the (juantities (/, r, and r ai'e positive integers.

205 'I'Ik' greatest c is r.,, and c, = a^.

206 No >i or /• can be greater than 2'/,.

207 n /„ = 1, then r„ = a,.

208 I'^or all values of n groat(>r tlian 1, rt—r„ is < >•„.

209 'Hi'- number of (juotients cannot be greater than 2a'l

The last (luotient is 2(i,, and after that the terms repeat.

The first complete quoti(>nt that is repeated is ^
\ '\ and

(7o, 7-0, r., commence each cycle of re}»eated terms.
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210 I^et </,„, r,„, r,„ be the last terms of the first cycle ; then

<*»n-ij '''m-ii Cm-\ ^^^'c respcctivcly equal to rto, r.,, c-2', «,«-2j ''m-2j

c„,_2 are equal to a.^, r.^, r.^, and so on. rp^ (187).

EQUATIONS.

Special Cases in the Snlntion of Simidtaneous Equations.

211 First, witli two unknown quantities.

a^e-\-hyii = i\\ ^ _ cA—Cobi _ ^1^2— ^2^1

If the denominators vanish, w^e have

^ = '\ and X = cc, ?/ = 00
;

«2 b.,

unless at the same time the numerators vanish, for then

a._h,_c,, 0. 0.

a,
~ h ~ c./ ' '^

~
'

and the equations are not Indepmdent, one being produced by

multiplying the other by some constant.

212 Next, with three unknown quantities. See (60) for

the ecpiations.

If (l^, (L, (I,; all vanisli, divide each equation by .v, and we

have three equations for finding the two ratios -'- and •
,
two

only of which equations are necessary, any one being dedu-

cible from the otlier two if the three be consistent.

213 ^« solve simultaneous equulions bt/ huleterntnuitr

Multipliers.

Ex.—Take the equations

,/' + 2// + ;lv + lip = 27,

'5.'c + r,//+ 7,v+ //• = -l-S,

bx + 8y-\- 10,v - 2/r = 05,

7x + 6y + 5,^ + iw = 53.
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Multiply the first by A, the second by /?, the third l)y C,

leaviiiLi;- one C(inution nnnniltiplied ; and then add the results.

Thus (J+3//4-5r7-{-7)./'+ (2.l-h'")/>'4-8^'+ (;)//

+ (;5J +7/>' + l()C'-f-5) .v-[-(4J + /;-26'^-4) w

= 27-l + 18Zy+ GoO+ 5;].

To determine either of the unknowns, for instance .f,

equate the coefficients of the other three separately to zero,

and from the three equations find A, B, G. Then

^ 27J+48/y+ G50+ o:]
*

A+ W-\-hG-\r7 '

MISCELLANEOUS EQUATIONS AND SOLUTIONS.

214 ^''±1 = 0.

Divide by x^, and throw into factors, by (2) or (o). See also

(480).

215 .r'-7d-i) = i).

X = —1 is a root, by inspection; therefore ''+1 is a factor.

Divide by x-\-l, and solve the resulting (quadratic.

216 aH n; I' = !'>''>.

x*-\-lC).>- = l-j.'),/' = (')<) X 7,/',

•' + 2 -""^ 2'

.i;" = /i'' = 7.

Rrr-E.— Divide the absolute* terra (here 455) into two

factors, if possible, such that one of them, minus the scpian*

of the other, equals the coefficient of x. ^^ee (483) for i^cMicral

solution of a cubic equation.

I.
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217 .r*-i/ = 145(>0, .r-v = 8.

'*"t^^ .f = «+v and 2/ = z—v.

Eliujiiiate c, and obtain a cubic in 2, which solve as in (216).

218 .i^-/ = 3093, ci— 1/ = 3.

Divide the first equation by the second, and subtract from
tlie result the fourth power of x—y. Eliminate {x^-\-if)j and
obtain a quadratic in xij.

219 Onforming Symmetrical Expressions.

Take, for example, the equation

(y-c){z-h) = aK

'Vo form the remaining equations symmetrical with this, write
the corresponding letters in vertical columns, obser\dng the
circular order in which a is followed by h, h by c, and c by a.

So with X, ;?/, and z. Thus the equations become

0/-rj {z-h) = a\

[z-a) Gr-e) = b\

{.v-h){y-a) = c\

To solve these equations, substitute

x = h+ c,-\-x\ y = c-\-a+ y', :: = a -{-
b -\- ::'

;

and, ]nulti})lying out, and eliminating // and ;:, we obtain

^^ho{b + r)-a(lr-hr)
hc — ca— ab

niid tlicrefore, by symmetiy, the values of y and ;:, by the
niK> just given.

220 // + .^' + //- = ^r (1),

:^-^-.r-\-x.v = fr (2),

'H/+ .*//-r^ (3);

••• :5(//.r + .v.' + ,o/)-=r :l/n--\-2r',r-\-2'rlr-a'-b'-c* (4).
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Now add (1), (2), and (3), and av(> o])tain

From (4) and (5), (,r + // -|- ;:) is obtained, and then (1), (2),

and (o) are readily solved.

221 .,.-^^;/~ = «'^ (I),

jr-z^=fr (2),

z^-.n/=f- 05).

Mnltiply (2) by (:>), and subtract tlie square of (1).

Result X (3./'//^- Jf -if- ::'') = h'<--n\

X _ y ^
/A.2_ft^ (-V--/.* a'b''-r' ^

^^^'

Obtain X" by proportion as a fraction witli numerator

= x^— yz = a^.

222 .v=n,-\-bz (1),

,^ = az^c.i (2),

z = Lv-^(a/ (3).

Eliminate a between (2) and (3), and substitute tlie value of

X from equation (1).

XieSUlC -r-"—r^ '„ j: ;,-

IMAGINARY EXPRESSIONS.

223 'Hic following are conventions :

—

That v/(-'f-) is equivalent to a^^{—li); that a y,/{— \)

vanishes wlien a vanishes; that the symbol a, y(— 1) is sub-

ject to the ordinary rules of Algebra. \'(— 1) is denoted

l)y /.
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224 If a + ?'/3 = 7 -f- i^ ; then a = y and (i = B.

225 « + //3 and a — /'fS are conjugate expressions ; tlieir pro-

duct = a- 4-/3-.

226 The sum and ])roduct of two conjugate expressions are

both real, but their difference is imaginary.

227 The modulus is -\-x/a^+^^.

228 If the modulus vanishes, a and /3 must vanish.

229 If two imaginary expressions are equal, their moduli

are etiual, by (224).

230 The modulus of the product of two imaginary expres-

sions is equal to the product of their moduli.

231 Also the modulus of the quotient is equal to the

quotient of their moduli.

METHOD OF INDETERMINATE COEFFICIENTS.

232 If A + Re+ a«-+ . . . = .4'+ B'x -\- G'x'+ . -_. be an equa=.

tion which holds for all values of .^', the coefl&cients .1, B, &c.

not involving ;r, then A— A', B = B\ C = G', &c. ; that is,

the coefficients of like powers of x must be equal. Proved by

putting X = 0, and dividing by x alternately. See (234) for

an example.

233 METHOD OF PROOF BY INDUCTION.

Ex.—To prove that

5

Assume 1 + - + •» -\- ... +ir = - -"-.
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= »(» + !) (2n + l) +6 (n + 1)- ^ (m + 1) {n (2n+ l) -l-G r«-H)}
6 ' (5

^ (« + lU» + 2)(2u + 3) _ n (n'+\){ 'ln+l)
G 6

'

where n' is written for «+l

;

o

It is thns proved that i/ the formula he true for n it is also true for n + 1.

But the formula is true when n = 2 or 3, as may be shewn by actual

trial ; therefore it is true when >t= 4 ; therefore also when n = 5, and so on
;

therefore universally true.

234 Ex.—The same theorem proved by the method of In-

determiuate coefficients.

Assume

1^2^+ 3-+.. .+n^ =A + Bn +Cn^ +Du^ +&c.;

.-. 1 + 2- + 3-+. ..+»'+ (« + !)- = .-l+5(/^ + l) + (7(« + l)- + D(n+ l)''+ &c.;

therefore, by subtraction,

«H2n + l = B+ C(2n + l) + D{3n' + Sn+l),

Avriting no terms in this equation which contain higher powers of n than the

highest which occurs on the left-hand side, for the coefficients of such terms

may be shewn to be separately equal to zero.

Now equate the coefficients of like powers of n ; thus

1

, and ^ = 0;

3jD= 1,
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235 First.—When there are no repeated factors in the de-

nominator of the given fraction.

3a;—

2

Ex.—To resolve :r—, -— — into partial fractions.
{x—l){x—2){x—o)

^''^""^
(a-l)(J"-2)(«-3) " ^:il "^ ^-2 "^ x-3 '

Sx-2 = A(x-2)(!c-S)-\-B(x-S)(x-l) + C{x-l)(x-2).

Since A, B, and C do not contain x, and this equation is true for all values

of X, put x = l ; then

3-2 = ^(1-2) (1-3), from whicli A = ^.

Similarly, if x be put = 2, we have

6-2 = i? (2-3) (2-1) ;
.-. B = -4

;

and, putting a; = 3,

9-2 = 0(3-1) (3-2); .-. G = \'

H 3a; -2 ^ __1 ^ 7
®°°®

(a;-l) (a!-2) (a;-3) 2(a!-l) a;-2 2 (a;-3)'

236 Secondly.—When there is a repeated factor.

Ex.—Eesolve into partial fractions i-
—-.,„' j! -

^
(a;— 1)^(33+ 2)

. lx^-\Ox'^^x A . B C ^ D
A^«"^«

(-^=i?(.:t^ = (^^» "^
(^::ir

"^^^ "^
^rr2-

These forms are necessary and sufficient. Multiplying up, we have

7x'-lOx'+ 6x = A ix-\-2) +B (x-1) ix+ 2) + C (x-iy(x + 2) +D (x-iy
(I).

Makea; = l; .'. 7-10 + 6 = ^(1 + 2); .-. ^ = 1.

Substitute this valne of A in (1) ; thus

7x'-lOx'+ 5x-2 ^ B (x-].){.v i2) + C (x-iy(x +2)+D (x-iy.

Divide by a; — 1 ; thus

7x'-Sx + 2 = B(x + 2) + C(x-l)(x + 2)+D(x-iy (2).

Make X = 1 again, 7 -3 + 2 = J? (1 + 2) ; .-. B = 2.

Substitute this value of B in (2), and we have

7a;*-5a;-2 = G (x-l) (x + 2) +D (x-iy.

Divide by .T-l, 7a;+ 2 = G (x+ 2)+D (x-l) (3).

Put a; = 1 a thiwl time, 7 +2= C (1+2); .-. C = 3.
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Ijastl}^ make a; = —2 in (3),

-14+ 2 = X>(-2-l); .-. D = i.

1 2 3 4
Result 7 z—j. + 7 TTT H , H rii"

(a— 1)' (a;-l) «-l a;+ 2

237 Thirdly.—When there is a quadratic factor of imaginary

roots not repeated.

Ex.—Resolve ,t—tw^2-.—, ix
into partial fractions.

Here we must assume

Ax-{-B Cx+D
(a5»+l)(j!»+ a! + l) a;^+ l x' +x+l'

x-i-l and X- + X + 1 have no real factors, and are therefore retained as

denominators. The requisite form of the numerators is seen by adding

too'ether two simple fractions, such as ——- ^ r~,-° ^ x + b x+ d

Multij)l}iiig up, we have the equation

1 = (Ax + B) (x' + x + l) + {Cx+ D) (x' + l) (1).

Let a;- + l = 0; z. x^ = —I.

Substitute this value of x- in (1) repeatedly ; thus

1 = (Ax + B) X = Ax'+ Bx = -A + Bx ;

or Bx-A-l = 0.

Equate coefficients to zero ; .'. 5 = 0,

^ = -1.

Again, let ar + .r + l=0;
.-. x-=-x-l.

Substitute this value of x^ repeatedly in (1) ; thus

1 = {Cx + D) i-x) = -Cx'-Dx = Cx + C-Dx-

or (G-D)x + C-l=0.

Equate coefficients to zero ;
thus ^

' = 1,

1)= 1.

XT 1 _ = ''+1 _. ^
^^'"'^^

(..^ + l)(x^ + * + l) .tHx + 1 a-Hl

238 Fourthly.—When there is a repeated quadratic factor

of imaginary roots.

Rv —"Resolve
40.^'— 103 ^ i)artiiil fractions.
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Assume
40.7;-103 ^ Ax+ B _Cx±B _ Ex+F

(x + iy {x'-4x+ Sy (.r2_4x + 8y (.'?;--4a; + 8)- a;--'-4^ + 8

4- -^ + -^;
(.r+l)- a; + l'

40.t;-103 = {iAx + B) + {Cx+ D)ix-—ix+ 8) + iEx + F)(x--4:X+ 8y} {x + l)-

+ {G +H(x + 1)} (x'-4x+ Sy (1).

In the first place, to determine A and B, equate rt;-— 4a; + 8 to zero ; thus
a;2=4a;-8.

Substitute this value of x- repeatedly in (1), as in the previous example,
until the first power of x alone remains. The resulting equation is

40a; -103= (17.4 + 65) a? -48^ -75.

Equating coefficients, we obtain two equations

17^ +65= 40 ) f .. , A = 2

48^ + 75 = 103)' ^^«--^^«^^ B = l.

Next, to determine and D, substitute these values of A and 5 in (1)

;

the equation will then be divisible by a;^— 4a;+ 8. Divide, and the resulting

equation is

= 2x + l3+{Cx +B+(Ex + F)(x'-4x + 8)] (x + iy

+ {G+ H(x+ l)]{x'-4x +8y (2).

Equate a;'-— 4a; + 8 again to zero, and proceed exactly as before, when
finding A and B.

Next, to determine E and F, substitute the values of (7 and D, last found
in equation (2) ; divide, and proceed as before.

Lastly, G and H are determined by equating a'+ l to zero successively,

as in Example 2.

CONVERGENCY AND DIVERGENCY OF SERIES.

239 Let ai-{-a.^-\-a;i-\-&c. be a scries, and (7„, a„+^ auy two
consecutive terras. The foUowino- tests of convergency may
be applied. Tlie series will converge, if, after any fixed term

—

(i.) The terms decrease and are alternately })0sitive and
negative.

(ii.) Or if "- is always (j renter than some (piantity
(' n 1-1

greater tlian unity.
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(iii.) Or if —— i.s never less tluui tlic corrcspoiidiii^ I'atio
'''1 + 1

ill a known coiivei\u:ing series.

(iv.) Or if l-^—n) is always tjreafrr than some (juan-

tity greater than unit3^ [% - tl' and iii.

(v.) Or if l^-^—ii— l]\og)i is always i/rrdfcr tlian
V^'»j+i ^

some quantity greater than unity.

240 The conditions of divergency are obviously the converse
of rules (i.) to (v.).

241 The series ai-^a.,x-\-a.iX^-{-&c. converges, if ^^

always less than some quantity p, and x loss than
1

[By 239 (ii.)

242 To make the sum of the last series less than an assigned

(iiiantitv /s make ,v less than
,

, I' hvincr the o^reatest co-

efficient.

Grnrral Tltcnron.

243 If •/> ('") be positive for all positive intec^ral values of .r,

and continually diminish as <> increases, and if )n be any posi-

tive integer, then the two series

<^(l)+ (^(2)+ (^GJ) + ^(l)+
<li{l)-\-m(f>{m)-\-m-4>{m-)-\-m''(t>{m')-Y

arc either both coiivern-ent oi* diverofent.

244 Ajiplication of tliis theorem. To asc<'rtain whotlier the

is diverjT^ent or convero-init when p is «^i-eater than unitv.

41
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Taking m = 2, tte second series in (243) becomes

1.2,4,8,0
^ 2'^ ^ 4p ^ 8^

a geometrical progression whicli converges ; therefore the

245 I'lie series of which --:-
^,- is the general term is

?i (log ny'

convergent if j9 be greater than unity, and divergent if p be

not greater than unity. [By (243), (244).

246 The series of which the general term is

1

n\{ii)X'{n) V{n){r^'(n)}^'

where \ (n) signifies \ogn,X'^{n) signifies log {log ()i)}, and

so on, is convergent if ^ be greater than unity, and divergent

if j) be not greater than unity. [By Induction, and by (243).

247 The series ai+ cu+ SLC. is convergent if

ncu log (n) log2 {n) log''(7i) {log,^i {n)y

is always finite for a value of p greater than unity ; log'' (7;)

here signifying log (log iz), and so on.

[See Todhunter's Alr/ehra, or Boole's Finite Bijjcrences.

EXPANSION OF A FRACTION.

42.' — 10a3
248 A fractional expression such as :,

— --'.—-- may
\ — bx-\-l\x^— Q>x,

be expanded in ascending powers of x in three different ways.

First, by dividing the niiraerator by the denominator in

tlie ordinary way, or by Synthetic Division, as shewn in (28).

Secondly, l)v the metliod of Indeterminate Coefficients

(2:32).

Thirdly, by Partial Fractions and the Binomial Theorem.
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To expand by tlie method of Indeteriiiiii:ite CoefficiLiits

proceed as follows :

—

Assume ,

'^''^ ~\^'^'
. , = -1 + ^'•'- + C.>- + J).c' + E.v' + & c.

4x-lUr = .1+ llx+ Cx--\- nx''+ Ex'+ I<\r''+...

—OAx— GBx-— GC'u;*- Gi*./;'— OiiV'-...

+ ll.lj;-4-ll/^a;' + liac*+llA/'+...

- G.-Lc'- 6Bx*- G^.V-...

Et|uate cocUicients of like powers of x, thus

.1 = U,

JJ- 6A = 4, .-. J! = I
;

C- 6B + IIA =-lO, .-. C= li;

D-6C+UB-GA= 0, .-. 1)= 40;

E—6D + IIC— OB = U, .-. E=UO;
F-6E + 11D-6C= 0, .-. i''=;30-i;

The formation of the same coefficients by synthetic division is now
exhibited, in order that the connexion between tlio two processes may be

clearly seen.

The division of 4a;— lO.r l)y 1— ('..i'-f U.r-G,/' is as follows:—

+ 4-10
+ 6 24+ 84+ 240 + GGO

-11 -44-154-440-1210

+ 6 + 24+ 84+ 240 + GGo

+4+14 + 40 + 110+ 304+
^l n C D E F

If wc> stop :it the term llO.r', then the undivided remainder will lie

;i04.j;''— 'JTO/^ + CtiOi/, and the complete result will be

4.r + 14x- + 40..H110. + ^_^^^,fZ:^-

249 Here the conchidiiig fraction may be regarded as the

sum to inlinity after four terms of the series, just as the

original expression is considered to be tlie sum to inlinity of

the whole series.

250 Tf the general term be reipiired, the method of ex-

pansion by partial fractions must be adopted. See (257),

wliere tlie Lrcneral term of the foregoing series is oljtained.
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RECURRING SERIES.

a^^-\-(ii.i'-]- Uod'- -\-ayv'^-\- &c. is a recurring series if the co-

efficients are connected by the relation

251 (In = Ih «« - 1 + 7>2 «« - 2+ • •
. + Pm (in - m-

The Scale of Relation is

252 1 -PI^V -JhO^ —... —lhn^V''\

The sum of n terms of the series is equal to

253 [The first m terms

—piV (first tn— l terms + the last term)

—p^x^ (first m— 2 terms + the last 2 terms)

—IhJC^ (first m— 3 terms + the last 3 terms)

-~i>i«-i'^'""^ (first term + the last m— \ terms)

—p,nX"' (the last m terms)] -^ [l—p^.v—pocV^— ... — />,„cr"'].

254 If the series converges, and the sum to infinity is re-

quired, omit all " the last terms " from the formula.

255 Example.—Required the Scale of Relation, the general

term, and the apparent sum to infinity, of the series

4'c+ 14r+ 40,v^+ 110,ii'^+ 304^^-8o4/+ ...

.

Observe that six arbitrary terms given are sufficient to determine a Scale

of Relation of the form l—px— qx' — rx^, involving three constants p, q, r,

for, by (251), we can write three equatious to determine these constants
;

namely, 110= 40p4- 14(2+ 4r\ The solution gives

304 = llOp + 402 + 14r k p = G, 7 = - 1 1, r = 6.

854 = 304;j+110g + 40rJ

Hence the Scale of Relation is 1 — 6.« + ll.r — 6.r^.

The sum of the series without limit will be found from (254), by putting

Pi = ^, Pi = — 11» P3 =6, m = 3.

The first th ree terms = 4,c + 1 4.r + 40.i-''

— 6xthe first two terms = —24^-— 84a;*

-I- 1 l.r X the first term = + 44a;'

4«-10a:-
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^^ 4.r-10x'

1 - G.i;+ 1 Ix* -<;.(•»'

tlie meaning i)f which is tliat, if this fmction bo expiunluil in asuentling

powers of x, the first six terms will bo those given in the question.

256 To obtain more terms of the series, we may use the Scale of Relation
;

tlius the 7th term will be

(6 X 854- 1 1 X 30i + 6 X 1 10) a:^ = 2440a;^

257 To find the general term, S must be decomposed into

l)artial fractions; thus, by the method of (2'35),

4.B-10a;- _ 1 , 2 8

l-6.c+ ll.j;'-(3a;-' l-Sx 1—2x 1-a;

By the Binomial Theorem (128),

,
^, = l+3.c + 3-.r + +S''x'\

1 — Sx

r-=-r = - + 2=.c+ 2^r + + 2" * '.c",

l—zx

— =-3-3.c-3.r - -Sx".

Hence the general term involving x" is

(;3'> + 2''»'-3)x''.

And by this formula we can write the " last terms" required in (2.")3), and

so obtain the sum of any finite number of terms of the given series. Also,

by the same formula we can calculate the successive terms at the beginning

of the series. In the present case this mode will be more expeditious than

that of employing the Scale of Relation.

258 If 5 in decomposing -<S' into partial fractions for the sake

of obtaining the general term, a quadratic factor ^vitli ima-

ginary roots sliould occur as a denominator, tlie same method

must be pursued, for the imaginary quantities will disappear

in the final result. In this case, however, it is more con-

venient to employ a general formula. Sup[)ose the fraction

which gives rise to the imaginary roots to be

L-\-Mx _ L-\-Mx
<i+b,r+ x"-

~ {p—r){q-x)'

p and q being the imaginary roots of ri-{-hx-{-x' = 0.

Suppose j) = (i-\-i)^,

q = a—ij^y where i = v —1.
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If, uow, the above fraction be resolved into two partial

fractions in the ordinary way, and if these fractions be ex-

panded separately by the Binomial Theorem, and that part of

tlie general term furnislied by these two expansions written

out, still retaining j) and r/, and if the imaginary values of p
and q be then substituted, it will be found that the factor will

disappear, and that the result may be enunciated as follows.

259 The coeflQcient of a;" ^ in the expansion of

L+ iU.r

will be

^g^-^[Ha«-'^-C(«,3)a"-^HC(«,o)a»-^'-...l

^^"+^^
+C(«-l,5)«"-«j8»-...}.

260 With the aid of the known expansion of sin nO in

Trigonometry, this formula for the ti^'* term may be reduced to

in wliich 6 = tan —

,

<^ = tan ^

L+ 3/a

If n be not greater than 100, sin (viO— ^) may be obtained

from the tables correct to about six places of decimals, and
accordingly the «*'' term of the expansion may be found with

corresponding accuracy. As an example, the 100*'' term in

the expansion of -— ^ .,
is readily found by this method

^ , 41824 „9
to be -^- x^.

To (/cfrrniinc whether a i>;ii'cn Scries i.s rernrri)i;ii- (tr not.

261 If certain tirst terms only of the series be given, a scale

of relation may be found which shall produce a recurring
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series whose first terms arc those given. The method is

exemplified in ('255). The innnber of niikiiowii coefficients

j), </, r, &c. to be assumed for the scale of relation must be

equal to half the number of the given terms of the series, if

that number be even. If tlie nund^er of given terras be odd,

it may he made even by })refixing zero for the first term of

the series.

262 Since this method may, however, produce zero values

for one or more of the last coefiicients in the scale of relation,

it may be advisable in practice to deteruiine a scale from the

first two terms of the series, and if that scale does not jn-oduce

the following terms, we may try a scale determined from the

first four terms, and so on until the true scale is arrived at.

If an indefinite nnmber of terms of the series be given,

we may find whether it is recurring or not by a rule of

Lagrange's.

263 Let the series be

S= A + ]Jx+ G.r -h Dx' -f- &c.

Divide unity by S as far as two terms of the quotient, wliicli

will be of the form p-\-qx, and write the remainder in the form
/S'V, S' being another indefinite series of the same form as S.

Next, divide S by S' as far as two terms of the quotient,

and write the remainder in the form S"x-.

Again, divide /S" by S'", and proceed as before, and repeat

this process until there is no remainder after one of the

divisions. The series will then be proved to be a recurring

series, and the order of the series, that is, the degree of tlie

scale of relation, will be the same as the number of divisions

which have been effected in the process.

KxAMi'LK.— To determine whether the series 1, o, (i, 10, 15, '21, 28, .'U),

45, ... is recurring or not.

Introducing x, we may write

S = l+3.r + 6.r+10.rH15.):' + 21,/' + 2,V' + :](u''+45..:\.. .

Then we .shall have ' = 1 — ;lf4-... ^vith a rcniaimler

6x' + 8.r' + 15.1!*+ 24.c'' -f- obx''+ itc.

TlH-iir..io S'= 3 + 8.j;+15.7;-4-2kr» + .'3.V + A-c.,

.s" ;; 9
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with a remainder -^ (.r + 8a;H ().)' + 10.x-'^+ &c. ...)•

Therefore we may take S" = 1 +8.1-+ 6.r + 10a*+ &c.

Lastly -^„ = 3— .13 without any remainder.

Consequently the series is a recurring series of the third order. It is, in

fact, the expansion of

SUMMATION OF SERIES BY THE METHOD OF

DIFFERENCES.

264 Rule.—Form successive series of differences until a series

of equal differences is obtained. Let a, b, c, d, &c. be the first

terms of the several series ; then the 7^^'' term of the given

series is

265 a+i.-m+ ("-^(r'^ e+ ("-^("-f-^ .l+

The sum of n terms

266 =„« +!^M4 + ^iIi=ii§^<- + &c.

Proved by Induction.

Example: a...l+ 5 + 15 + 35 + 70 + 126 +
h ...4+ 10 + 20 + 35+ 5G + ...

c ... 6 + 10 + 15 + 21+...

(Z...4+ 5+ 6 + ...

e ... 1+ 1 + ...

The lOOti' term of tlie first series

^ 1.2 ^ 1.2.3 ^ 1.2.3.4

The sum of 100 terms

,,,.,^100.09 , .100. 99. 98«j^ 100. 99. 98.97 ,, 100.99.98.97.96
== 100+ -^^4+-^-2r3-^+ 1.2.3.4

^^ 1.2.3.4T.r-



FAiToh'fAl, ,s7';/.7 /•;>'.
^

SO

267 '^'-^ interpolate a term bclwecn two terms of u series by
the motliod of ililTtTeiices.

Ex.— Given log 71, log 72, log 73, log 74, it is required to find I<>g 7"2o4.

Form tbo scries of diBerences from the given logarithms, as in ('itJG),

log 71 log 72 log 73 log 74

a... l-8ol2".83 l-8573:i2') l-8G:i3229 1-8G02:U7

6 ... -0060742 •00r)9904 -0059088

r ... --0000838 - -0000816

(Z ... —00000-22 coii.sidered to vimish.

Log 72'o4 mnst be regarded as an interpolated term, the number of its

place being 2-54.

Therelore put 2-.'')l. for n in formula (265).

Result log 72-54 = 1-8605777.

DIRECT FACTORIAL SERIES.

268 Ex.: 5.7.9 + 7.0.11 -I-
<.i.n .1;] + 11 .1:3.15 + ..

d = common difference of factors,

m= miml)er of factors in each term,

n = number of terms,

a = first factor of first term —d.

>*'• term == (fi-\-n(/) {a+ n + i</) (^/+ ;/+ //<- I r/).

269 To find the sum of u terms.

Rule.—Fnnii the last term with the ne.rt hitjlirsf fnrtor take

thefi'i\st ti'Dii ir'ilh flie next loiiwst factor, and dlrlde Ixj {m + 1 ) '/.

Proof.—By Induction.

Thus the sum of 4 terms of the above series will be, putting d = 2, vi — 3,

^, 11.13.1 5.17-3.5.7.9
n = 4, a = 3, h = ^j^^,

.

Proved either by Induction, or by the ractliod of Indeterminate Coefficicnt.s.
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INVERSE FACTORIAL SERIES.

270 Ex.:
5^7^9 + 7^9_ii + 9.11,13 + 11.13.15+---

Defining d, in, oi, a as before, the

1
;}tii term =

(n-]-ud) {a+ n-\-l(I) ... {a-^n-\-m— id)

271 To find the sum of n terms. Rule.—From the first

term wanting its last factor take the last term wanting its first

factor, and divide hy (m— 1) d.

Thus the sum of 4 terms of the above series will be, putting d = 2, m = 3,

1 1

5.7 13.15
^^ = ^'" = ^^

(3-1)2 •

Proof.—By Induction, or by decomposing the terms, as in the following

example.

272 Ex.: To sum the same series by decomposing the terms into partial

fractions. Take the general term in the simple form

(r-2)r(r + 2)

Resolve this into the three fractions

Substitute 7, 9, 11, &c. successively for r, and the given series has for

its equivalent the three series

Ij 1 + 1+ 1 +i + 1 +_1_|
8 1 5 7 9 11 13 2u + 3

)

2^ C _ 2 _ 2 _ 2 _ 2 _ 2 2_ )

8 I '7 9 11 13 2» + 3 2n + 5)

+ 1
j 1 + 1 +1_+ + _i_ + _l_ +^1-1,

8l 9 11 13 2»i + 3 2u + 5 2» + 7)*

and the sum of n terms is seen, Jiy inspoction, to he

1(1_1_ 1 +_l_l=Jil 1_
]8(5 7 2« + 5 2n + 7) 4(5.7 (2»+ 5) (2« + 7} 3

'

a result ol)taiiicd at once by the rule in (271), taking -—-— for the first
•^ ^ '^ 5.7.9

term, and -t- .-- for the »i"' or last term.
(2n + 3)(2n + 5)(2n + 7)
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273 Analogous series may be reduced to tlie types in (268)
and (270), or else tlie terms may be decomposed in the manner
shewn in (272).

Ex.: -J_+_i_+__7__+_10L.+
1.2.3 2.3.4 3.4.5 -i. 5. <;

has for its general term

3»-2 __1 ,_5 4_ , .......

n(n + l)(n-\-2) ,i n + 1 n+ 2 '^ '^""^^>''

and we may proceed as in (272) to Hnd the sum of n terms.

The metliod of (272) includes the method known as "Summation by-

Subtraction," but it has the advaut;igo uf being more general and easier of

application to complex series.

COMPOSITE FACTORIAL SERIES.

274 If the two series

M N-5 i^r _l5.G .,^5.6.7 3^5.6.7.8 ,^

/I ^-3 1,.. ,3.4 .. 3.4.5 3 ,
3.4.5.0

t ,

be multiplied together, and the coefficient of .f* in the product
be equated to the coefficient of x*" in the expansion of (1 —x)'^^

we obtain as the result the sum of the composite series

5.6.7.8xl.2 + 4.5.C).7x2.3 + :K4.5.6x3.4

4! 2.11!+ 2. 3. 4. 5X4. 5+ 1. 2. 3. 4X5.

G

7! 4!

275 Generally, if the given series be

Aa+Aa.+ --+A,. ,(?„-! (I),

where (^)^ = ,. (r+ 1) (/•+ 2) ... (r+ v- 1),

and r,.= (?i— r) (//-/•+ 1) .. {n- ri-p-l)

;

the sum of n — l terms will bo

/>!7! (;,4-;,+ r/-l)!
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MISCELLANEOUS SERIES.

276 Sum of the powers of the terms of an Arithmetical

Progression.

1+2+;)+...+// =

1 +2»+y+...+«'= 5
^^^j' =s.

H o.+y+ ... + „. = "("+ 1) (2«+ l)(3»-+3» -1) ^ ^,

,

[By the method of Indeterminate Coefficients (234).

A general formula for tlie sum of tlie 7-"' powers of

1.2.3 ... n, obtained iu the same way is

>•+ !

wliere Ji, A.,, &g., are determined by i)uttiug j> = 1, 2, 3, &c.

successively in the equation

1

2 0^+ 1)!

~(;?+2)!"^r(/>)!'^r(r-l)(i>-l)!^"'"r(r-l)...(r-7>+l)

277 «"'+ (^/+ ^/)"'+ (^/+ 2^/)"'+... + (^/+ //</)"'

^ (>,+ !) ^,'"+ ,s^,,,^f'"- V/+.S,(' (m, 2i «'"-->/-

Proof.—By Binomial Theorem and (276).

278 Summation of a scries parthj Arithmetical and

pa rill/ Geometrical.

Ex.\m?lt;.—To hud the sum of the series 1 +3,i' + 5.r+ to n

terms.



Let s = l+;?.r+ 5.r' + 7.i:» +... + (2/1-1) x"-',

S.V = .i+3.r + oj;'+ ... + {2n-:i) j""' + (*Ju- 1) x",

.'. by Kiiblractioii,

6- ( 1 -.,•) = 1 + ±v + 2.r^ + 2./.» + . . . + 2.t"
-

'- (2«- 1 ) x"

1 — r""'

= l+2a^^- -^--(2H-l).r",
1

—

X

l_(2n-l).r" 2x(l-.r''-')
• '- 1-x + (I-../--

279 A general formula for tlio sum of n terms of

^- \^' + 0-ry
Obtained as in (278).

Rule.—Mi(Itij)Ji/ Inj the ratio and subtract the resulting

series.

280 r-'— = l+.r+.»"+.t'+...+cr"-'+-pi

281 Tj-^, = l+2.r+;ja-+lr''+...

, n-i ,
(n-{-\)r'*~)i.v"^'

(l-cf)-

282 (^<-l).r+(/i-2).rH('<-.'i).''^'+... + -V-H'i'""'

= (^^-i);;-"^;+->""
. B,(253).

283 i^,,^W//^--])^;/(»-])0/-2)_^^^.^.^^^,„^

Hv making 4^-=^ in (12r»). .etrrat*.
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284 The series

»-,-j
,

(n-4)(n-5) _ {n-6){n-r,){n-7)
,

^~"T""^ ;5! 4!
^*

^ , (
^y.,

0i-r-l)(n-r-2)...(n-2r-[-l)

consists of ^^ or
^^~

terms, and the sum is given by

/S' = — if 71 be of the form 6m-\-S,
n

S = if ?i be of the form 6/?i+ l,

S = if ?i be of the form 6m,
n

>S^ = — if 7i be of the form 6m±_2.
n

Proof.—By (545), putting;) = x^-y,q = xy, and applying (546).

285 The series 7i^-n («-!)'•+ Hd^l^ {n-2y

o !

takes the values 0, n\, ^n{n+ l)\

according as r is <n, =n, or =)i + l.

Proof.—By expanding (e^— 1)", in two ways: first, by tlie Exponential

Theorem and Multinomial ; secondly, by the Bin. Th., and each term of

the expansion by the Exponential. Equate the coeflicients of a;** in the two

results.

Other results are obtained by putting r = n-{-2, n-\-o, &c.

The series (285), when divided by r\, is, in fact, equal to

the coefiBicient of aj'" in the expansion of
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286 By exactly the same process we may detlucc from the

I'unctiou {t"*'— f'*}" the result tliat tlie scries

n'-n (N-'2y+
"^"~^^

(,,_.l.)'-_&c.

takes the values or 2'*.?^!, according as r is < n or = n;

this scries, divided by r
!

, being e<j[ual to the coefficient of x''

in the expansion of

f ^.3 ,-,.5 yi

POLYGONAL NUMBERS.

287 Tlie n^^' term of the r'^' order of polygonal numbers is

equal to the sum of n terms of an Aritli. Prog. Avhose first

term is unity and common difference r— 2 ; that is

= 1 {2+{n-l)(r-2)] = n+ ln {n-l){r-'2).

288 I'hc sum of It terms

__ uiu-^l) u{u-l)(n-\-l)(r-2)

2 "^ «

By resolving into two scries.

Order.
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la practice—to form, for instance, the 6*'' order of poly-

gonal numbers—write the first three terms by the formula,

and form the rest by the method of differences.

Ex.: 16 lo 28 45 66 91 120 ...

5 9 13 17 21 25 29 ...

[r-2 = 4] 4 i 4 4 4 4 ...

FIGURATE NUMBERS.

289 The n"' term of any order is the sum of n terms of the

preceding order.

The n^^ term of the r*^' order is

njn+l)_^in+r-2) = /j („ ^
,._

j )

.

[By 98.

(r-1)

290 The sum of n terms is

n{n-\-l)...{n+r-l) _ H{n,r).

Order.
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IIYPEUGEOMETKICAL SERIES.

291 ,+^_^,,. + ^(^+lMim),,.=
l.y 1. -2.7(7+])

a(a+1)(a+ 2)/3(/3+1)(^+ 2) ^, ^^,"^
1.2.;$.y(y+l)(7+ 2)

is convergent if .r is < 1

,

and divergent if x is > 1
;

(-•5'* ''•)

and if x = 1, the series is

convergent if -y— a — /3 is positive,

divergent if y— a— /3 is negative, (239 iv.)

and divergent if 7 — a— /3 is zero. (239 v.)

Let the liypergeometrical series (291) be denoted by

F{a, ft, y) ; then, the series being convergent, it is shewn by

induction that

292 ria,ft-^\,yjyi} ] concl.ulin- ^vitl.

l-/r, I-/.-,.
,

1-c^c. ... \-k,,z,..

^vlH"^c /.',, I:,, Jr., Sec with .-:,,,, are given l)y tlic foniiiilie

. _ (a+r-1)(y+)— 1-y8).r

(y+ 2>—2j(y+2>— 1)

_ ()8+ r)(y+r-a).r
(y+2;-l)(y+2r)

f'(a-f-r, /8+ r, yH-2r)

Tlie continued fi-action may be conchuhMl at nny point

with k-ir^Ur' When r is infinite, r/o^ = 1 and tlic continurfl

fraction is infinite.

o
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293 Let

"l.y ' 1.2.y(y+l) ' 1 . 2.;{.y (y+1) (7+2)
f{y) ::^ 1 + _!^ +

'^'

+ -^ /"^i 1,/ _1_.>X + '^^•
1.7 1.2.V v+1) 1.2.,{.v(v4-l (-/+2)

the result of substituting — for ic in (291), and making

/3 =:= « = X . Tlien, by last, or independently by induction,

/(y+ 1) _ 1_^ p^_ P2_ 'Pj!]_

Ay) 1+1+1+ ... + I+&C.

with j),„ = (y+m— 1) (y+/>«]

294 In this result put y = ^ and -^ for ,r, and we obtain by

Exp. Th. (150),

Or the continued fraction may be formed by ordinary division

of one series by the other.

295 ('"' is incommensurable, m and n being integers. From

the last and (17-1), by putting x = '

.

INTEREST.

If r be the Interest on £1 for 1 year,

11 the inimber of years,

/' the I'l-incipal,

A the auiouut in n. years. Then

296 At Siiuple Interest A = P{l-^)n').

297 At Compound Interest A = /*(t+r)". % (-^-i)-
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298 But if the payments of
")

.„

Interest be made 7 C A = I' h +
-j

times a year ) ^ ^^

If A be an amount due in 11 years' time, and /' the ])resent

worth of -1. Theu

299 At Simple Interest 7* = -j-^ .

By (-200).

300 At Compound Interest /' =
,

. By (297).

301 Discount = A- P.

ANNUITIES.

302 The amount of an Annu- 1

,,(,,_])
ity of £1 in n years, [ = nA~

.^
>'• ^y (82).

at Simple Interest

.

303 1 'resent value of same = '^yr—

:

,tA-hi{N-\)r n^(09,j).

304 Amount at Compound \ _ (1+r)"—

1

^ ,^-.

Interest ) "(l+r)-l
'

Present worth of same — ~
.

'

,

''

. 'b' (-J^'*^*)-

(l+r)-l

305 Amount when the pay- ^ ( j 1 _!1 Y"'_ 1

ments of Interest/ _ ___7_ iw (2:is).

are made q times -|)er C
/

i 1

'*
V' 1

'

annum J \ (/ '

~

1

Present value of same =
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306 Amount wlicn the pay- )

meuts of the Annuity f _ ( 1 -f >•)"— I

are made m times per
[

'

i ~

annum J
m \{l-{-r)'-—l}

Present value of same ^ l-(l+ r)-

m{(l-fr)i-l}

307 Amount when the In-

terest is paid q times

and the Annuity m
times per annum ... J

"^
V\ qi'

Present vahie of same

m (i+v)-

PROBABILITIES.

309 If ^11 tlie ways in which an event can happen be m
in number, all being equally likely to occur, and if in n of

these m ways the event would happen under certain restrictive

conditions ; then the probability of the restricted event hap-

pening is equal to n-^m.
Thus, if the letters of the alphabet be chosen at random,

any letter being equally likely to be taken, the probability of

a vowel being selected is equal to -i^q. The number of un-

restricted cases here is 26, and the number of restricted

ones 5.

310 Ifj however, all the m events are not equally probable,

they may be divided into grou{)s of ccpially probable cases.

The probability of the restricted event happening in each

group separately must be calculated, anel tlie siun of these

probabilities will be the total })robability of the restricted

event liappening at all.
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ExAMPLK.—Tlicro are three bags A, B, and G.

A contains 2 white and .'} black balls.

B „ 3 „ t

C „ 4 „ 5

A bapf is taken at random and a hull drawn from it. Required the pro-

bability of the ball being white.

Hero the probability of the bag A being chosen = J, and the 8ub.sc([nonfc

probability of a white ball being drawn = l-

Therefore the [jrobability of a white ball being drawn from .1

~ 3 5 15-

Similarly the probability of a white ball being drawn from B

- 1' X 3 - l'~
3 7

~
7

And the probability of a white ball being drawn from G

-1 J* - i~ 3 ^ 9 ~ 27'

Therefore the total probability of a white ball being drawn

.j2_ 1 4 ^ 401

15 7 27 945'

If a be the number of ways in wliicli an event can liappen,

and J) tlie number of ways in wliieli it can fail, then the

311 rrobabilitv of the event lia])penin2r = r.

312 l'rol)al)ihty of the event failing =

Thus Certainty = 1.

If p, p' be the respective probabilities of two iudcpcndcnt

events, then

313 rrol)al)ility (^f both liappening = pp'.

314 )} of not /yo//i happening == i—pp'.

315 )) of one happening and one faiHng

316 „ of l)o(h failing = (!—/>) (1 —/>').
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If the probability of an event happening in one trial be j>,

and the probability of its failing q, then

317 Probability of the event happening r times in n trials

= C{n, r)2fff-\

318 Probability of the event failing r times in n trials

= C {n, r) ^j" "''(/''. [By induction.

319 Probability of the event happening at lea><t r times in

n trials = the sum of t\iQ fivHt n—r-[- 1 terms in the expansion

of 0;+ ry)".

320 Probability of the event failing at least r times in n
trials = the sum of the last n— r-[-l terms in the same ex-

pansion.

321 The number of trials in which the probability of the

same event happening amounts to j/

_ iog(i-;/)

log (!-;>)'

From the equation (1 —j^)*" = 1 —])'

-

322 Dei'inition.—AVhen a sum of money is to be received if

a certain event happens, that sum multiplied into the proba-

bility of the event is termed the expectation.

Example.—If three coins be taken at random from a bag
containing one sovereign, four half-croAvns, and five shillings,

the expectation will be the sum of the expectations founded
upon each way of drawing three coins. But this is also equal

to the average value of three coins out of the ten ; that is,

-i^ths of 35 shillings, or 10s. Qd.

323 The probability that, after r chance selections of the

numbers 0, 1, 2, 3 ... 7i, the sum of the numbers drawn will

be 6', is equal to the coefficient of .t'* in the expansion of
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324 'I'lie probability of the existence of a certain cause of

an observed event out of several known causes, one of wliieli

vi^ist liave produced the event, is proportional to tlie a jn-iarl

probability of the cause existinu: multiplied by the probability

of tlie event happening from it if it does exist.

Thus, if the a priori probabilities of the causes be /',, /'.

... Sec. J and the corresponding probabilities of tlie event hap-

pening from those causes (^),, (/_, ... itc, then the probal)ility

of the ?•"' cause having produced the event is

X{1'Q)

325 If A'> P-i ••• &c. be the a jfrlori probabilities of a second

event hap])ening from the same causes respectively, then,

after the first event has happened, the probability of the

second happening is

t {PQ)

POP'
For this is the sum of such probabilities as \^''//, (i which is

the probability of the r^'' cause existing multiplied by the

probability of the second event happening from it.

Ex. 1.—Suppose there are

4 vases containing each 5 wliite and (i l)l:ick ball.s,

2 vases containing each ^ white and 5 black balls,

and 1 vaso containing '2 white and 1 black ball.

A white ball has been drawn, and the probability that it came Irani tiie group
of 2 vases is required.

Here P, = ^ ]'.. =
'f

,

P, = !

Therefore, by ('S-l), the pn)l)ability i-c(iuii-fd is

4,:.^ 2.;^ L2 427

7.11 7.8 7.3

Ex. 2.—After the white ball has been drawn and ro])laced. a ball

drawn again; required the probability of the ball being lilack.
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He-o P; = A, p; = |, p. =
|

The probability, by (325), will be

4. 5.6 2.3.5 1.2.1

7.11.11 7.8.8 7.3.3 58639

4.5 2.3 1.2 112728'

7.11 7.8 773

I£ the probability of the second ball being white is required, QiQ^Qi
must be employed instead of P{P'.P'z.

326 The probability of one event at least happening out of

a number of events whose respective probabilities are a, h, c,

&G., is P1-P2+P3-P4+&C.

where P^ is the probability of 1 event happening,

and so on. For, by (316), the probability is

l-(l-a) (l-h) (l-c) ... = y.a-^ah+ ^ahc-, ...

327 The probability of tlie occurrence of r assigned events

and no more out of 01 events is

where Q„. is the probability of the r assigned events ; Q.,.+i the

probability of r+ l events including the r assigned events.

For ii a, h, c ... be the probabilities of the r events, and
a, 1/, c ... the probabilities of the excluded events, the re-

quired probability will be

ahc ... {l-a'){l-h'){l-c') ...

= ahc ... {l-1.a-{-'^aU-:ia'l/c'-\-...).

328 Tlu^ probability of ani/ r events hapjiening and no more

Note.—If a = h = c = &c., tlien ^Q, = C (n, r) Q,, cl'c.
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ii\i<:QLiALrrib;s.

330 ^^'+^^-+- •"^'^"
lies between the -Teatest uiul least of

/>i+ '>-.>+ ••• +^'»

the fractions i^, ^, ... -^, the (leiiominators being all of

the same sign.

PuoOF.—Let k be the greatest of the fractions, and - any other; then

ar<kbr. Substitute in this way for each a. Similarly if k be the least

frapCtion.

331 ^ > V"0.

332
«.+«.+ ...+»„ > y„,7^~^,;

71

or, Arithmetic mean > Geometric mean.

Proof.— Substitute both for the greatest iind least factors their Arith-

metic mean. Tiie product is thus increased in value. Repeat tlie process

indefinitely. The limiting value of the G. M. is the A. ]\I. of the quantities.

333 q:^' > {^l+!i)'\

excepting when m is a positive pi'opei' IVaet ion.

PlJOOK „'" + ?,'" =("t'')"'[(l+.r)'" + (l-..)"'},

diere .» = " -'. Kinploy Hin. Tli
a + b

334
":'+""'+..+":

> ^'.+".+ +"..
y\

excepting ^vhen /// is a positive proper fraction.

I"
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Otherwise.

—

The ArUhmetic mean of the m"' poivers is

greater than the m"' power of the Arithmetic mean, excepting

when m is a positive proper fraction.

Pkoof.— Similar to (332). Substitute for the greatest and least on the

left side, employing (333).

336 If -'' and m, are positive, and x and mx less than unity

;

then (l+ ciO-'"> l-mx. (125, 240)

337 K ,1^ m, and n are positive, and n greater than ra ; then,

by taking' x small enough, we can make

For X maybe diminished until l^nx is > {l—mx)'^, and this

is > (l-\-xy\ by last.

338 If ^ be positive, log {l-\-x) < os. (150)

If X be positive and > 1 , log (l+.r) > <r- ^. (155, 240)

If X be positive and < 1, ^ogj^^, > <'• (^''^^^

339 When n becomes infinite in the two expressions

1.3.5... (27Z-1)
.^^^^^

o.-^.7...(2y^ + l)

2.-4.(3 ... 2yi

'

2. 4. 6. ..2m

the first vanishes, the second becomes infinite, and their

product Ues between -J
and 1.

Sliewii by adding 1 to each factor (see 7o), and multi-

plying the result by the original fraction.

340 II' '" he > II, and ii > <(,


